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Statement of the main theorem 

For jS > 1/2, the Cauchy problem of the so-called Fractional Navier- 
Stokes (FNS) equations on the half-space ]R|+" = (0, oo) x R'\n > 2, is to 
decide the existence of a solution u to: 

( f + {-Afu + u-Vu-Vp = 0, in Rl+"; 
(0.1) \v-u = 0, inRl^"; 

{ u\,=o = a, in R", 

where (-Af represents the jS-order Laplace operator defined by the Fourier 
transform in the space variable: 

Upon letting Rj, j = 1, 2, • • • n, be the Riesz transforms, writing 

F = {6ij> +R,R,,],l,l' = I,-- - ,n; 
. PV(M ®u) = Y. -t,(uiu) -22 RiRi'ViuiUr); 

and using V • m = 0, we can see that a solution of the above Cauchy problem 
is then obtained via the integral equation: 

(u(t, x) = e~'^'^^a(x) - B{u, u){t, x)\ 
\b{u, u){t, x) = e-^'-'^^-^^FV(u ® u)ds, 

which can be solved by a fixed-point method whenever the convergence 
is suitably defined in a function space. Solutions of (10.21) are called mild 
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solutions of (I0.1|) . The notion of such a mild solution was pioneered by 
Kato-Fujita 0311 in 1960s. During the latest decades, many important re- 
sults about the mild solutions to (10.11) (and its special case yS = 1) have 
been established; see for example, Lei-Lin [[T6l . Cannone EIH, Germin- 
Pavlovic-Staffilani Giga-Miyakawa flH, Kato Gl, Koch-Tataru [H, 
Wu [[301 [311 El [331, and Kato-Ponce |fT4|l. 

The main purpose of this paper is to establish the following global exis- 
tence and uniqueness of a mild solution to the FNS equations with a small 
initial data in the critical Besov-Q space. 

Theorem 0.1. Given 

\ <p,q<oo\ 
• 71 = 72 - 2/3 + \ ; 
m > max{p, ^}; 
< m' < min{l, ^A. 

If the index (fi, p, 72) obeys 

^2/3-2 n 

1 < p <2 & — < 72 < - 

P P 

or 

n 

2 < p < 00 &/3-l<72<- 

P 

then HO.U has a unique global mild solution in 0^^p'J^„,„y^ far any initial 
data a with WaW^^^n-yiy, being small. Here the symbols Bj,'g~, and ^'''p'Jl^,,,, 
stand far the so-called Besov-Q spaces and their induced tent spaces, and 
will be determined properly in Sections^and\3\ 

Neededless to say, our current work grows from the already-known re- 
sults. In [[2T| Lions proved the global existence of the classical solutions of 
(|0.1I) when > j and n = 3. This existence result was extended to /3 > 
by Wu [[30II . and moreover, for the important case /3 < 5 + |, Wu OH [321 

established the global existence for (10.11) in the Besov spaces Bp '' ^'^(R") 
for 1 < ^ < 00 and for either ^ < /? and p = 2or^<yS<l and 2 < p < 00 
and in B':"'{R") with r > max{ 1 , 1 -1- - -2/?}; see also |[33l concerning the cor- 
responding regularity. Importantly, Koch-Tataru [[151 studied the global ex- 
istence and uniqueness of ([0.1[) with /3 = I via introducing BMO'^R"); see 
Miao- Yuan-Zhang [[22|[ for a related account. Generalizing Koch-Tataru's 
work [15], Xiao [!35l introduced the Q-spaces Q^,^(M."),0 < a < 1 to in- 
vestigate the global existence and uniqueness of the classical Navier-Stokes 
equations. The ideas of [[351 were developed by Li-Zhai [[T8l to study the 



GLOBAL MILD SOLUTIONS OF FNS EQUATIONS IN CRITICAL BESOV-Q SPACES 3 



global existence and uniqueness of (10.11) with an initial data being small in 
2^"^(R") via defining a class of Q-type spaces 2f,(R") under /3 e (i, 1). Re- 
cently, Lin and Yang i20| got the global existence and uniqueness of (10.11 ) 
with initial data being small in some diagonal Besov-Q spaces for yS e (j, 1). 

In fact, the above historical citations lead us to make a decisive two-fold 
observation. On the one hand, thanks to that (10.11 ) is invariant under the 
scaling 

the initial data space B'^pl^^ is critical for (10.11 ) in the sense that the space is 
invariant under the scaling 

(0.3) Ux) = A^P~'f{Ax). 

A simple computation, along with letting yS = 1 in (|0.31) . indicates that the 
function spaces: 

L"(R"); 
Bp "'(R"); 

BMO-\W'), 

are critical for (10.11 ) with /3 = 1 ; moreover, (10.31 ) under > 1 /2 is valid for 
functions in the homogeneous Besov spaces B^^^ ^^'^R") and B^^^ ^^'°°(R") 
attached to (10.11) . On the other hand, it is appropriate to mention that B^p\q^ 
are essentially the same as the Yang-Yuan's Besov-type spaces introduced 
in ll36l , and actually larger than the nearly all critical spaces in the known 
results, e.g., 

b'^m = Bl^'^W) for 1 < ^ < oo & - oo < < oo; 
■ '^'^ □ 5p^^"'^''(R") for 1 < p < po & 1 < ^ < ^0 < oo &ye > 0; 
^«-/j+i,o.+/s-i ^ for or e (0, 1) & ;e e (1/2, 1) & a + /3 - 1 > 0. 

In order to briefly describe the argument for Theorem P. 11 we should 
point out that the just-mentioned function spaces have a common trait in the 
structure, i.e., these spaces can be seen as the Q-spaces with norm, and 
the advantage of such spaces is that Fourier transform plays an important 
role in estimating the bilinear term on the corresponding solution spaces. 
Nevertheless, for the global existence and uniqueness of a mild solution to 
(10.11) with a small initial data in Bj,['J', we have to seek a new approach. 
Generally speaking, a mild solution of (10.11 ) is obtained by using the fol- 
lowing method. Assume that the initial data belongs to Bplq-(R"). Via the 
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iteration process: 

\u^j*^\t, x) = u^^\t, x) - B{u^i\ u^i^){t, x) for j = 0, 1, 2, 

we construct a contraction mapping on a space in denoted by X(R|+"). 
With the initial data being small, the fixed point theorem implies that there 
exists a unique mild solution of (|0.1I) in X(]R|^"). More precisely, the itera- 
tion is based on the following: 

(i) If / is in B'^plq^, then the function (t,x) i-^ e'"^~^^ f(x) belongs to 

(ii) The bilinear operator 

B(u, v) = e-<'-'*'(-^^PV(M ® v)ds 

is bounded from (X(]Rj_+"))" x (X(]R|+"))" to (X(R:1_+"))". 

For (i), we choose X(R|^") = ^^p^l^j^, associated with the Besov-Q space 

B^p^^- . Applying multi-resolution analysis, we prove the semigroup e'^'-^'^^ 
is bounded from B]y\'^- to '^^p'^l^,„,- For the converse, we define an operator 
TT^ and then prove 

/(■'•)6B;-^,„,^;r,/(-,.)6 5;'f. 

For (ii), by applying multi-resolution analysis, we obtain an estimate 

ixom{W'^^ ,)"x(B''''^- ,)" to (B^''^^ ,)". 

^ p,q,m,m'-' ^ p,q,ni,m' ' ^ p,q,m,m'-' 

Remark 0.2. 

(i) Our initial spaces in Theorem 10.11 include both Besov spaces and Q- 
spaces. For example, Li-Zhai [T8l, Lin- Yang [20], Wu [|30l |3T1 [321 [33)1 and 
Xiao 1351 . Many classical function spaces are the special cases of Besov-Q 

spaces. For example, Bp''~^'^'\R") in Wu (301 [SB EH 121, e^(R") in Xiao 
[fell and Li-Zhai OiJ. Moreover, in [[I8l|20l, the scope of is 1). Our 
method is valid for /3 > ^. 

(ii) Moreover, our initial spaces in Theorem 10. 1 [ include a lot of new spaces 
which are not contained in the above known results. Meanwhile, our initial 
spaces are larger than the initial spaces introduced in most of the known 
results. See also Lemma 12.101 Corollary 12. 1 1 l and Remark |2.12[ 

(iii) Furthermore, if m is chosen to be a big positive real number, then the 
functions in ]Bp^^^Jj^^,(R|"^") are sufficient smooth and have high regularity. 
Hence the regularlity of our solutions in Theorem 10. H is higher than that of 
the previous solutions. 

The remaining of this paper is organized as follows. In SectioniH we list 
some preliminary knowledge on wavelets and give the wavelet characteri- 
zation of the Besov spaces. In Sections [2ll3] we define the initial data spaces 
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and the corresponding solution spaces. Section |4] carries out a necessary 
analysis of some non-linear terms and a prior estimates. In Section [51 we 
verify Theorem 10. II via five lemmas which will be demonstrated in the final 
Sections [illTllMIOl 

Notations: U « V represents that there is a constant c > such that 
c^^V < U < cV whose right inequality is also written as U < V. Similarly, 
one writes V > U for V > cU. 

1 . Meyer wavelets and Besov spaces 

In this section, we recall some basic properties about wavelets and give a 
wavelet characterization of Besov spaces. 

1.1. Meyer and Daubechies wavelets. First of all, we indicate that we 
will use tensorial product real- valued orthogonal wavelets, they may be reg- 
ular Daubechies wavelets and classical Meyer wavelets. The Daubechies 
wavelets are used only for the characterization of Besov spaces and Besov- 
Q spaces, but Meyer spaces will be used almost throughout this paper. Note 
that the regular Daubechies wavelets are such Daubechines wavelets that 
are smooth enough and have more sufficient vanishing moments than the 
relative spaces do. See Lemma [T3] and the part before Lemma 

Then we present some preliminaries on Meyer wavelets O'^(x) in detail 
and refer the reader to [ETI , and [071 for further information. Let ^P" 
be an even function in C;^([-y , f]) with 

<¥''(^) < 1; 
' YV) = lfor|^|<^. 

From now on, let 



= ^]ml)y- - m^)?. 

Then Q(^) is an even function in C~([-f , f ]). Clearly, 

'Q(f) = Ofor 1^1 <y; 

+ ^'(20 = 1 = + n\2n - ^) for ^ e [— , — ]. 

V J J 

Let = For any 6 = (fj, • • • , 6„) 6 {0, 1}", define 0^(x) by 

6^(^) = n For j£Zmdk£ Z", set O^^(jc) = l^C^^Vx - k). 



6 PENGTAO LI, JIE XIAO, AND QIXIANG YANG 

Furthermore, we put 

^£„ = {0,ir\{0}; 

Fr, = {{e,k):eeE,„keT]; 
{ A„ = {(6, J, k), e 6 En, jeZ,ke Z"}, 
and for any e 6 {0, l}'\k e Z" and a function / on K.", we write fj/. = 

The following result is well-known. 

Lemma 1.1. The Meyer wavelets {^'ji^}{(;,j,k)eA„ form an orthogonal basis in 
L^(R"). Consequently, for any f 6 L^(R"), the following wavelet decompo- 
sition holds in the l} convergence sense: 



/= 2 f]^,r 



Moreover, for j e Z, let 



Pjf = Z f^^, and Qjf = 2 f^^l,. 

keZ" {<;,k)eF„ 

For the above Meyer wavelets, the product of any two functions u and v can 
be decomposed as 



(1.1) 



uv = 2 Pj-3uQjV + 2 QjuQjV + Z QjuQfV 

jeZ y'eZ 0<j-j'<3 

0</-7<3 jeZ 



1 .2. Wavelet characterization of Besov spaces. Suppose that (pis a func- 
tion on R" such that 

supp^cl^er :|^|<1}; 
<^(^)=lfor{^6r :|^|<i}. 
Define 

(p,ix) = r^'-'^^ipiT^^x) - T'ipiTx) V V e Z, 
as the Littlewood-Paley functions. The set of functions {^vlvez enjoys 

supp^%c{^er,i<2-"|^|<2}; 
ltel>C>Ofor^< 2-1^1 <^; 



\d"ipM)\ < C„2-''l"l for or > 0; 

oo 
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Definition 1.2. Given -oo < a < oo, < p,q < oo. A function / e 

S'(R")/!P(R") belongs to Bp'\R") if 



veZ 



< OO. 



If ^ = oo, the Besov spaces B^'°°(W) is defined as follows. 

Definition 1.3. Given -oo < a < oo and < p < oo. A function / 6 

S'(R")/!P(R") belongs to 5;$'~(R") if 

=sup2-||^„*/||,,<cx,. 



According to Peetre's paper [1261 . this definition of Bp (W) is indepen- 
dent of the choice of {(Pv}vez- Let {^^jiJ(Ej,k)eA„ be Meyer wavelets defined 

a,i 
P 



above. We can characterize 5p'^(R") as follows. 



Theorem 1.4. Given s e M. and < p,q < oo. A function f belongs to 
B-jf{R") if and only if 

[^2--5-;'(si/;yf]J<oo. 

Proof. Given the Littlewood-Paley functions {(/'iJiez" and Meyer wavelets 
{^%h,j.mK- Then for / 6 S'(R')/;P(R"), we can get {fXez and {/;,}(.,,-,^)eA„. 
Hence 

veZ 

= [z2^"ii/*^vii;f 



< [Z2^-| z fi,^],*^.^V. 

■-veZ (e,j,k)eA„ ■' ^ "P-' 



Since O"^ and (p are compactly supported, there exists a constant c > such 
that 



|j - v| > c ^ O}^, * (p,(x) = 0. 



Then we have 



veZ \j-v\<c £,k "P 



■ l7-v|<c e,k 



Because 



I.flk%k*^A^ 



£,k 



Z/^,o;,||,<(z2"^■(^')|y-/)^ 

£,k £,k 
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we obtain 

"-veZ Mi-v|<ce,<: ' ^ 

veZ |j-v|<c e,/: 

< [Z Z 2^>(z2"^'(?-i>|/;,|'')¥ 

< [z2^^^^^^^Yzi/^P)T- 

Conversely, we have 

J = [z2^^-(-t-)(zi/;,pf l' 

= [Z2'^^'(^^^t-)(ZK/, 

yeZ 

= [Z2''^'^^"^-^^YzKZ/*Vv, %,wy^ 
= [Z2'^^'(^^^^^YziZ(/*Vv, 

Because the supports of and / * ip^, are compact, by the Parsevel identity, 
there exists a constant c > such that 



|v - j| > c ^ (/ * if,, ^\^) = 0. 



Hence we get 



Because 



we obtain 



jeZ e,k \v-}}<c 

7'eZ |v-7l<c6,<: 

< [Z Z 2^^(-^^'(ZK/*^v, 3>-,)l'f 

y'eZ |v-_/l<C e,A- 



J<{Y. Z 2'^>||/ * ifiXY ^ \ 2 2''"1|/,||^1\ 

y'eZ |y-v|<c veZ 



□ 



Now we prove that the above wavelet characterization is independent on 
the choice of wavelet functions. For this purpose, we need a preliminary 



GLOBAL MILD SOLUTIONS OF FNS EQUATIONS IN CRITICAL BESOV-Q SPACES 9 
fkk^J,k)eA„ and {^f^}^,j,k)eA„ 



lemma. Let {0':'/}(e .-neA and {0':'?}(e /hsa be two different wavelet bases 



Denote 



We have the following lemma. 

Lemma 1.5. Let {(^'^jl}(Ej,k)eA„ (^nd {^'^■l}{e,j,k)eA„ be two different wavelet 
bases which are sufficiently regular. Then for any natural number N there 
exists a positive constant such that for j, f e Z and k, k' e Z", 

(1 .2) \a':t .,J< C^2-l^-^ ^^^^f — , —] ■ 

Proof. We only consider the case j > f. The proof for j < f is similar. 
For e 0, denote by i^ the smallest one of the indexes i with e, 0. 
For X = {x\,X2, ■ ■ ■ ,Xn) e R", write yo = Xi^. For any A^^ > 1, denote by 
xIj the vector (jcj, • • • , Xi^^i,yN, Xj.u ■■■ , Xn)- For any O, write /^0(x) = 
£1"' I-l ' ^(^N^dyi ■ ■ ■ dyN- Denote by D^O the function |^0. We can 
get 

^ij',k' = 2''^{(!>''\ ^'''\2J'-j --k' + 2j'-Jk)) 

= 2(^+5'(■'■'-■'■'</^0^•^ (D;0^'-2)(2^"-^' • -k' + V'-ik)) 
= : b'-'' ., . 

j-j',k~2J-j'k' 

By the smoothness and canceling properties of wavelet function, /^O and 
Z)^<I) still decay very fast. Hence we can obtain 

Kk'j'k'^ ^ Lx'^ + \^\r'''ii + \2J'~^x-k' + 2r-Jk\r'''-dx 
^ i,<2../-.,'-2/..,(i + \-\r''(^ + 1^' - 2^'-^k\r^'dx 

Taking A^i > N + n and A^2 > N + n, we can get the desired estimate. This 
completes the proof of Lemma [T3I □ 

By Lemma [T31 we get 

Theorem 1.6. Given s eE. and < p,q < oo. The wavelet characterization 
ofBp^(M.") is independent to the choice of wavelet functions. 

Proof. We consider only the proof for < p, ^ < oo. For the cases where 
= oo or ^ = oo, we make some suitable modification. 
In what follows, set 



e,k 
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To prove this theorem, we only need to prove the following estimate: 
(1.3) /= 2 2^^(^^5-^)(zi Z <,,^<,^l^)' ^ 2 2"^''''"^-^'u],. 

jeZ ^ £,k £'.j',k' ^' '■' ' ■' ' ' j'&Z ■' 

Now we divide the rest of the proof into two cases. 
Case 1 : < p < 1 . For this case, 

;eZ ^ £',j',k' £,k 



jeZ ^ j'<j e',k' e,k ^"^ ' ^ ' ' 



jeZ j'>j e'.k' £,k 

By (|1.2|) . we have 



If ^ < we have 

+ 2 2^-''''''''^^~p^M^ 2 2~^'-'''^'''"^"~p^'-''~-'''' 

Notice that {j - l)n - y < s < y. So v/e can get (11.31) . 
If ^ > via taking 5 > small enough we have 



/6Z ■' j'<j 



Because (^-l)n-7<5'<7 and 5 is a sufficiently small positive constant, 
we can get (|1.3I) . 
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Case 2: p > I. Write p' = Then < p =: ^ < 1. By Holder's 
inequality, we can get 



jeZ ^ e,k i'>i ^ £',k' ' 

(Ei«;:;:«.i"-""ia;:.i")']f 

yeZ ^ e,k ^ j'<j ^ ^'^ " ' 

(zk.;:;:,.i"-""'k-:.i'f]f. 

By (11.21) . we have 

y./.'^.^^' V 2~i + 2-/ + \l~ik - 2~j'k' I ^ 

^2/-y + i + i2/-y;t-ytr ■ 

If / < j, then 2^'-^ < 1 and 

la'-'' l< 2~^'~'"'^^+^'f ^ V'^^ 
If / > then 2j'-j > 1 and 

la-' J < T^J-m^^^(-^-^!2±L 

JJ'M'^ ~ \2J'-J + \ + \2J'-Jk-k'\> 

^2/-y + 1 + |2/-yA:-/tr 

< 2<^"~''>'^+^^2"^'"~'V ^ V 

M + |2/-y;t - A:r ■ 

The above estimates for ^ | imply that 

/ < 2 2''^'^^'+5-};)j 2 [ 2 2[^"'^(5+r)](/-;) 

jeZ 6,*: />;• 

(zi««:„.i"-""'i<.?,r)']')' 

;eZ ei- I- j'<j 

(zi<„.i"*K..i^)'ri'. 
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Upon letting 6 > Ohe small enough, we use Holder's inequality to derive 

I < Z 2''^''''^'i'f>H 2 Z 2f^"^^5+r)+6'](/-i)p 

e' ,k' 



< z 



2 



If ^ < p, then 



/eZ /<i 



which implies (11.31) by the facts that s < y - n and 5 is small enough. 
lfq>p, then taking a positive constant 6' small enough we have 

>-+^-r)(/-y) 

/6Z ^ /<;■ 

whence reaching (11.31) . and therefore completing the proof of the theorem. 



_ p 

j'ez - j'>j 



□ 



2. Besov-Q spaces via wavelets 

2.1. Definition and its wavelet formulation. As a generalization of the 
Morrey spaces, the forthcoming Besov-Q spaces cover many important 
function spaces, for example, Besov spaces, Morrey spaces and Q-spaces 
and so on. Such spaces were first introduced by wavelets in Yang Il37ll . On 
the other hand, our Lemma 12.21 as below and Yang-Yuan's [|36l Theorem 
3.1] show that our Besov-Q spaces and their Besov type spaces coincide; 
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see also Liang-Sawano-UUrich- Yang-Yuan [[T9l and Yuan- Sickel- Yang ll39l 
for more information on the so-called Yang-Yuan's spaces. 

Let if e C~(5(0,7i)) and ip{x) = 1 for x 6 5(0, V^)- Let Q{xo,r) be a 
cube parallel to the coordinate axis, centered at xq and with side length r. 
For simplicity, sometimes, we denote hy Q = Q{r) the cube Q(xo, r) and 
let ^pgix) = ^(^^). For 1 < p,q < oo and 71,72 6 R, let iuq = m^pjj^ be 
a positive constant large enough. For arbitrary function /, let S^^^'Jj be the 
class of the polynomial functions Pqj such that 

J x'^^QixXfix) - PQ,f(x))dx = V < mo. 

Definition 2.1. Given 1 < p, ^ < 00 and 71, 72 e R. We say that / belongs 
to the Besov-Q space B^'f := Bl'f{R") provided 

(2.1) sup 121?-' inf IM/ - Pe.yOIUn.. < 00, 

where the superum is taken over all cubes Q with center xq and length r. 

Given 1 < p,q < 00 and 71, 72 e R. Let mo = m^pj^^ be a sufficiently big 
integer. For the regular Daubechies wavelets O'^(jc), there exist two integers 
m > mo = mll'J- and M such that for e e E,,, 0^(x) G ^'([-2^,2^^]") and 
J xf(^%x)dx = V lal < m. By applying the regular Daubechies wavelets, 
we have the following wavelet characterization for B],[q~ . 

Lemma 2.2. / = Z a^,0^, e fij^lf « 

(2.2) supiei^^H Z ij'^^'^^-i^H 2 |a^/)'l' < +c«, 

e "■«;■>- log. I ei ^(^•ky.Q.kcQ ■'' 

where the supremum is taken over all dyadic cubes in R". 

Proof. At first we assume that / e 5p|^^^(R"). For any dyadic cube Q with 
center xq and side length /(2), there exists a cube 2, parallel to the coordi- 
nate axis, centered at xq and with side length 2'^''^1{Q). For such Q, for any 
e & En, Qj^k c 2, e 2, by definition of (pgix) and the vanishing moments 
of Daubechies wavelets, we have f(x) = <pQ{x)f{x) and 

/ {<pQ^)PQj(y))^l,iy)dy = / PgjiyWj/y^dy = 0. 

Hence, for any e £ En, Qj,k c Q, we have 



14 PENGTAO LI, JIE XIAO, AND QIXIANG YANG 

That is to say, by the wavelet characterization of Besov spaces, we have 



2-1 

9 



r 2 2J^^^-i-p( Z la'jfY] 

"-«;■>- log, I ei ^(£,k):Qj.kCQ 

< mf\\ipQif-P 



Pn fSS' 



Taking the supremum over dyadic cubes on both sides of the above inequal- 
ity, we can see that (12.21 ) holds. 

Conversely, for any cube Q, there exists 2" dyadic cube Qi with side 
length less than I'^^^liQ) and greater than 2^^^l(Q), such that 



2" 



i=l ee£„,e^ice, 



That is to say. 



< 



m-1 



□ 



This derives that if (12.21) is true then (12.11 ) is valid. 

A direct application of Lemma |Z2] gives the following assertion. 

Corollary 2.3. Given 1 < p, ^ < oo,yi,y2 e R. 

(i) Each B'^plq^ is a Banach space. 

(ii) The definition ofB^pq^ is independent on the choice of (p. 

Now we recall some preliminaries on the Calderon-Zygmund operators 
(cf. ||23]| and Il24l '). For x y, let K{x,y) be a smooth function such that 
there exists a sufficiently large Nq < m satisfying that 

(2.3) \d'i4Kix,y)\ < \x-y\-'-"^\"\^W y ia\ + \/3\ < Nq. 

A linear operator 

Tfix) = J Kix,y)f(y)dy 

is said to be a Calderon-Zygmund one if it is continuous from C'(R.") to 
(CHR"))', where the kernel Ki-, •) satisfies ([23]) and 

Tx" = T*x" = V Of e N" with \a\ < Nq. 

For such an operator, we denote T e CZO{Nq). 

The kernel K{-, ■) may have high singularity on the diagonal x = y, %o 
according to the Schwartz kernel theorem, it is only a distribution in 5 '(R^"). 
For (6, J, k), (e', /, k') e A,,, let 

a%,,, = {K(x,y),^l,(x)^';,^,,(y)). 



GLOBAL MILD SOLUTIONS OF FNS EQUATIONS IN CRITICAL BESOV-Q SPACES 15 

If r is a Calderon-Zygmund operator, then its kernel K(-, •) and the related 
coefficients satisfy the following relations (cf. [1231 . and [ITTl ): 

Lemma 2.4. 

{i)IfT £ CZO{Nq), then the coefficients a'j'^j, ^, satisfy 



\2-i+2-i' +\k2-'-k'2-i'\) 



(2-4) I < V (6, ],k),{e,j,k)e A„. 

(ii) Ifa'j'lj,!^, satisfy ( \2.4\i . then K(-, ■), the kernel of the operator T, can be 
written as 

KU,y)= Z a-^,,,^l^m'j,,(y) 

(£,j,kWJ,k')eA„ 

in the distribution sense. Moreover, T belongs to CZO(No - 6) for any small 
positive number 6. 

The following tells that the Calderon-Zygmund operators are bounded on 
the Besov-Q spaces. 

Theorem 2.5. For 1 < p, ^ < oo,yi,y2 e R, there exists sufficient big No 
such that {af^j,j^,}^,j^k)A^'j'r)eA„ satisfies ^2^. If {gl,}(e,ik)eK c &'p;^\ then 

■' (£',j',k')eA„ ■' ■' ne,J,k)eA„ 

Proof. According to Lemmas |Z2] & 12.41 we need to prove that {g^j,J{f;j,k)eA„ 
satisfies the inequality (12.21) . For similarity, we only prove the case p = q. 
For any dyadic cube Q, we have 

«i>-log2iei (£,k):Qj,kCQ 
^ ll{.?/^.}(e,y,*:)eA,Jl^ri,r2- 

Let Q be any dyadic cube with \Q\ = 2""^". For r > 1, denote by Qr the 
dyadic cube satisfying Q <z Qt and \Qr\ = 2"'^\Q\. For convenience of the 
notations, we write also Qq = Q. If I e Z" and Q^^k' c 2~j°l + Q, we denote 
Qf,k' e 5o,/. If T > 1, / 6 Z" and Qf^f = 2^"^"/ + 2r, we denote Qf^t 6 5^,/. 
Then we have 

Z ^lkJ,k'Sj',k' = Z Z Z ^ik.j'.k'^j',k' 

- z Z 

r>0 /eZ" 
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Hence for any sufficient small 5 > 0, we have 

nj>-log2\Q\ (<;,k):Qj.kCQ t>0 /eZ" ' 

< z z 2^'(i + i/ir'iei'?"' z 2^>(^'+5-f) nfii" 

T>0/eZ" 'V>-log2iei (f^,ky.Qj,kCQ ' 

- Z ZJ?j. 

T>0 /eZ" 

We ffist consider the case r = and distinguish two cases: 
Case 1: j > f . For such case, the condition (12.41 ) becomes 

|a"'., J < 2-l^"/l(5+^'')(l + \ky'-i - /:'|)-("+^«\ 

Further, for /, we distinguish two subcases: 

Subcase 1.1: |/| < 8". For each /, by the definition of B]}jq^, we can see 



that 



Because Calderon-Zygmund operator is bounded on 5^ we can get 



f.yi.1 



1 n 



Z Z 

Subcase 1.2: |/| > 8". For this case, if Qf^k' 6 5o,/, we have \k2j'~^ - k'\ 
2j'-j«\l\ and 

laf^j,,,,} < 2-l^'-^"l(5+^o)(2/-io|/|)-("+A'o) 

Hence we get 



J. 



< (1 + z 2^'^^^'^5-j) 2: I : 

< (1 + \l\r^^\Q\'^-' Z 2^><^'^^?> z 

«y>-iog2iei (<:.ky-Qj,kcQ 



a 



IP 



2^ 2'^-'''~^'"'''(2~'^'~-''''^5'^^"^(2-'''^-''" |Z|)"^""^^"^)'' 
;o</<y 



z < 

(6',<:'):e/.i.'eSo./ 



The number of k' satisfying Qf^k' 6 5o,/ is 2"^^' ^"^ Hence we have 

ny>-log2iei i£,ky.Qjj,cQ jo<j'<j 

(^2-^j-f^+^o\2j''j°\l\y'^"'^^°''y{2j'~■'°)"'^p~^^ Z l.?'^' -P' 



< i/r'^(^''-'^ii{^},}(a^)eA„iij.,.2 ■ 

Case 2: j < /. We also divide the argument of this case into two subcases 
Subcase 2.1: |/| < 8". The proof of this case is the similar to that of 
Subcase 1.1. 
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Subcase 2.2: |/| > 8". For this case, we can see that 

' ~ ^ 2-i + 2-/ + \2'ik - 2'j'k'\ > 

< 2^(^"~^')(t+^o'2^"+^^^^""^\l + |2^""^> - k'\y^"*'^^ 

< 2(^"-^'>(t-^)(i + i2^"-^i-)t'ir("-^^\ 

Let xq be the center of Q. If 2^^^;' c 2 and Qf^k' c 2"^"/ + Q, we have 
12^"-^'/: - yt'l = 2^" |2-^1 - xo - 2--'»Z + + I'^H - I'^'k'] 

> 2j'-j°\l\, 

where we have used the fact that |/| > 8". Hence we can get for any 6 > 0, 

\a^., ,\ < 2(/-i)(f-^)(2/-io|/|)-(-^). 
By Holder's inequality, we obtain 

Jqi< (1 + |/|)"+^I(2I^"^ Z 2Pj^^'^'i-f'^ 2 2 2^'j'-^'^ 

ni>-log2iei (<:,l<yQj.kCQjo<j<j' 

r20''-;)(5-^)(2/~^'o|/|)~(«+^>l''2"'^''~'^'^-'''~*^ 2 1^":,' ,\P 

< (i + i/ir^-^"-^iei^-i z 2^^-(^'^5-^) 2 z 

n7>- logj lei U,k)-Qj^kCQ io<i<i' 

(e',*:'):e/.t'e'S'o./ ''''''' 

Notice that the number of Qj^^ c 2 is 2"'''''°\ So, it follows that 
J^,< (1 + |Z|)"+^-P"-^iei^-i 2 2''^'(^'+^?)2"(^'-^«) 

nj>-\og2\Q\ 

2 2(-'""-'o)[''+"(''"'>"P("+^)]2^-'"^-''^f^("^^o)] X ,\P 

jo<j<j' (£',k'y.Qj',k'eSoj 

< (1 + \l\f+^-P"-'^\Q\'^~^ 2 2<-'"'-''^t5(«-^o)-n-p(ri+f-p] 



7</ 

2 2(J'-jo)[6+n{p-l)-p{n+'^)+n]2Pj'(yi^2-T, 
< (l+|/|)-^-^-'^||{^}^,}(a.)eAjU^|,n. 



Next, we consider the case r > 0. For this case, we can see that j > jo 
under Qj^t c Q. On the other hand, because r > 1, 2/,^:' = 2'""^"/ + 2'"2, we 
have / = jo - r. It is easy to see j > /. We only need to consider |/| < 8" 
and |/| > 8" for j > /, respectively. 
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Case 3: |/| < 8" and j > f. Similarly, since \j - j'\ = j - jo + t > t, we 
can see 



\a 



2~j + sii+No 



J-kJ'-k' I - V 2-j + 2-J' + \2-jk - 2~j'k' I ' 

< 2-l^"/l(^)2-^. 



Note that there is only one dyadic cube Qj'^t 6 5r,/ for r > 1. Thus 

r>l /:|/|<8" 

r>l /:|/|<8" nj>~\og,\Q\ 

(a):e,.tce 

<Z2"'^' Z (1 + Z 2''^'^^'+?-?) 

r>l /:|/|<8" «i>-log2iei 

2"(7-io)2--^2~'''-''~-'''"^^^|^';,' ^,1'' 

r>l /:|/|<8" 

2 2'^'--''')[''^'+T-«+"-f-p^o]2r("-^)r|g^|^-i2P/(ri+f-^)|_^6;^jpj 
< Z 2^^' + 2n- py2 - '-f) Z d + W^%g]k\^MeA}\ff^-n. 

T>1 /:|;|<8« 

Case 4: |/| > 8" and ; > /. Notice that Qj^^ c Q and Qj,^k' = 2""^"/ + 2r- 
For T > 1, we can similarly get 

\2^'-jk-k'\ = 2^"|2-^'/t-2"^"yt'| 

> 2^"(2"'^n|/| - \2-^k - jcol - |jCo + 2"-^°/ - 2-i'k'\) 

> 2"+^""^°|/|. 

The above estimate implies 

^ 2-i^'-^"i(5+^'')(i + 12^"-^1 - /t'lr^"^^''^ 

< 2-l^'-^"l^2-^l/r<"+^''\ 
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where we have used the facts that / = jo - t and j > f again. Because for 
T > 1 there is only a dyadic cube Qf^j,' in Srj, we obtain, by / - 70 = t, 

ni>-log2iei 



{e,ky.Qj,kCQ 



^ ^j.kj,k'& j',k' 

(€'.f,k'y.Qj,yeSrJ 



ni>-\o%2\Q\ 

2«OWo)[2-li-/l^2-^ir^"^'^°^]''l,?)\.l^ 



<- 2^(5+2n-p72-^)|/|n+<5-/-'n-p/Vo 

Because A^o is large enough, we have 



T>1 |/|>8" 



This completes the proof of Theorem 12.51 □ 

According to Theorem 12.51 Lemma 12.21 can be described by using the 
Meyer wavelets via the following Lemma 12.61 whose proof of can be also 
obtained through [|39l . 



Lemma 2.6. The wavelet characterization in Lemma \12\ is also true for the 
Meyer wavelets. 

By applying the fact that the definition of Besov-Q spaces does not de- 
pend on the choice of or by using the fact that the continuity of Calderon- 
Zygmund operators on the Besov-Q spaces in the above Lemma 12. 5[ we 
have 

Corollary 2.7. For any \ < A<2,we have \\f{A-)\\B]\'yi ~ 
2.2. Critical spaces and inclusion relations. 

Definition 2.8. An initial data space is called critical for (|0.1I ). if it is invari- 
ant under the scaling fx{x) = A^^~^f{Ax). 



Note that, if u{t, x) is a solution of (|0.1I) and we replace u{t, x), pit, x), a{x) 

by 

ux{t,x) = A^^'^u{A^'^t,Ax), pA(t,x) = A'^^~^u(A^^t,Ax) 
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and a^iix) = A^^ ^a(Ax), respectively, Ux{t,x) is also a solution of (10.11) . So, 
the critical spaces occupy a significant place for (10.11 ). For /3 = I, 

-! + f,2 



'in 



L"(]R"); 

.-l + ii,oo 

Bp " (R«),p<oo; 
BMO-\R"y, 



are critical spaces. For the general /3, 



( . 1+^-2/3,00 

iBp " (R"),p<oo; 



\B\ 



2,2 



(R"), 



are critical spaces. 

we have the following dilation-invariance. 



¥ovBl':^\ 



Lemma 2.9. For > ^ and yi - 72 = 1 - 2/?, each Bpq is a critical space, 
i.e., 



V A>0. 



Proof. By Corollary 12.71 we only need to consider the case A = 2" and 



w 6 Z. For this case, let b':'' = 2~ 



2>v = we have: 



11/(2-- 



ni>-log2iei 

«y>-log2ie| 
„v,(Z2-i) Z2-ir 



(e,*:):Q^.tce 
«;>-log2ia,| 

( Z |2--a5,Ff]' 
2-(n-r2)||y||.,„,^. 



;-w,/: 



<; 1 



X 



□ 



To better understand why the Besov-Q spaces are larger than most of the 
spaces cited in the introduction, we consider now the inclusions among the 
Q-spaces, the Besov spaces and the Besov-Q spaces. First, we have 

Lemma 2.10. Given I < p,q < 00 and yi, 72 6 R- 

(i)Ifqi<q2,then B^^'J;^ c BV'' 



(ii) 5;;^ c 5^-''^-^(R"). 

(iii) Given pi > 1. For w = 0, ^1 



1 or w > 0, 1 < qi < 00, one has 



71— H',y2 
JL JL ■ 

PI '91 
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Proof. The inclusion (i) follows from the sequence space inclusion c /^^ 
for < q2. 

For (ii), assume / £ Bl\q^. In (12.21) . taking Q = Qj^^, we have 

sup2-^"^^~p)2^'^^'+?~'V-,J < oo. 
j 

Equivalently, sup2^'^^'"^2+?)|^e^| < oo. By the wavelet characterization of 

5li'^^'"(]R"), we can see / e 5li"^^'"(]R"). 

To prove (iii), let Q < po,qQ < oo,p\^> \. For w = 0, = 1 or w > 0, 1 < 
^1 < oo, we have 

72 1 ''0 _L 

\i;>-log,|ei ^(€.ky.Qj,kCQ ■''^ 

7T+«' 1 '?1'?0 1 

^ Z 2^'^"^"^^'"'^"^^ 2 |Pi/5o Vi™ Vn™ _ 

\u>-iog2iei (a):ej,*ce ^-'^ 



Hence 



^71-w,72 < II / ||a71.72+"' 



□ 



For < a - 13 + I and a +/3 - 1 < |, we say that / belongs to the Q-type 
space <2^(]R") provided 

2(.,;,.i)-„ r r \fix)-f(yf 

Q Jo Jo 



|jf _ ^|»+2((J-yS+l) 



where the supremum is taken over all cubes with sidelength r. This defini- 
tion was used in [fTSlI to extend the results in ll35l which initiated a PDF- 
analysis of the original Q-spaces introduced in [|71 (cf. [|5l IH, [|27]| . 0411 . 
and OTl for more information). The following is a direct consequence of 
Lemmas 12.21 12.61 and 12.101 

Corollary 2.11. 

(i)IfO<a-/3+l<l,a+/3-l<'j,then 2f,(R") = B"~^*^'"*'^~\ 
{n)lfp = ^_,thenBl\f =B';-\W^). 

(iii) Given w = Q,v = I or w > Q, \ < v < oo. If p = — then 

Remark 2.12. In [f3T| . J. Wu got the well-posedness of (10.11) with an initial 
data in the critical Besov space Bp'' ^'^'^(R"). Given 1 < po^qo < oo. By 
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Lemma [ITTOl we can see that if I < p < po, i < q < go and /S > 0, 

'po,go 



3. Besov-Q spaces via semigroups 

In this section, we establish a semigroup characterization of the Besov-Q 
spaces. To do so, recall the following semigroup characterization of ^(M,"): 

Lemma 3.1. ([HSl) Given maxjor, 1/2} < < I and a + - I >0. f £ 

2^(R") if and only if 

r'" r 

sup ^2o.-«+2/^-2 \Ve-'^~^^f(y)\h-ldydt < oo. 

xeR" & re(0,oo) Jo J\y-x\<r 

This characterization was used to derive the global existence and unique- 
ness of a mild solution to (lUTl ) with a small initial data in V • (2^(R"))". 
Notice that 

<2^(r) = 52^-'-"-^^^ 

So, in order to get the corresponding result of (P.l) with a small initial data 
inBpl'tJ^ under |p-2|-i-|<7-2| 0, we need a more meticulous relation among 
time, frequency and locality. For this purpose, by the Meyer wavelets and 
the fractional heat semigroups, we introduce some new tent spaces associ- 
ated with 5p g^\ and then establish some a connection between these tent 
spaces and B^plq^. 

3.1. Wavelets and semigroups. We choose in the following lemma which 
is a variation of Lemma 1.1 in [9| or a variation of the construction of 
Meyer's wavelets (Meyer calls them the Littlewood-Paley wavelets in Sec- 
tion 2 of Chapter 3 in [[23|) 

Lemma 3.2. Fix fi > 0. There exist a constant Cfj > and a radial function 

(p G 5(R") such that 

ii) l„xymdx = Q,^yeW; 

(ii) j^m^Of'i = \,\I^^O; 

(iii) C^/„"0(f^)e-'f = 1. 

For fi > Q, let (^) = e-'l^l'" and (fi{x) = t~^(/)(f^x) with the Fourier 
transform ^(^) = ^(t^O- We have 

fit,x) = e-'^~^^f(x) = Kf*f(x). 

Observe that 

(3.1) /(^) = C^ c^(tV)e-'-f(^) = C^ 0(r^^)e-'l^l7(^)-. 

Jo ' Jo ' 
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Hence, by (I37T1) . 

f{t,-)*<fi{x)- ■.= n^f{;x). 
' 

For the Meyer wavelets {<!>'jJi,j,k)eA„, let a'j/t) = {fit, •), O}^) and a),^ = 
</, O^^). By Lemma [TH we get 

f{x) = 2 a^,0;,(x) and f{t,x) = Z a^,(0O;,(x). 
If fit, x) = Kf * fix), then 



eMi-/l<l,*:' 



eM;-/I<i,<:' ^ 
By (I3.3|) . we have 

Lemma 3.3. Lef ^ jt)£A„ Meyer wavelets. For the fixed J3 > 0, there 

exist a constant Nj^ large enough and a fixed small constant c > such that 
ifN > then 

(3 4) \a),it)\ 2 W:,,\i\ + \V-i'k'-k\)-'' V t2''P^>\ 

and 

(3 5) \a],it)\ < Z Z + \2J-J'k' - /r|)-^ V < tl^^J < 1. 

\j~f\<l e',k' 

Proof. Formally, we can write 

e',\]-f\<\,k' 

= 2 ^ 2 <.{(-A)"'^05;.,o^,). 

m=0 e',|;-/|<l,A:' 
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For the integer m, let O^/'C^) = |^|2"^0^(^). Then, by Plancherel's equality, 
one has 

((-A)'*'*':,„*5,,) 



Because \j - j'\ < I and the support of the wavelet function O"^ is contained 
in 6 R", y < 1^1 < y ^/n}. Using the integration by parts, we can get 



Finally, 



< e 



■'' m=0 ■ £',\j~f\<l,k' ' 

z \a':,Mi + \2J-j'k'-k\r''. 

e',\j~j'\<hk' ^ ' 



This completes the proof of Lemma 1331 □ 

Conversely, by the reproducing formula (|3.21 i. a^^ can be also expressed 
by {a'j, as follows. 

(3.6) = I- 2 , 4' ^'W^-^ * O)' W)0},«^. 

An integration by parts yields the following estimate. 
Lemma 3.4. Let {a'ji^}(^ej,k)eA„ be defined in ^3M . For any N > 0, 

(3.7) |a<,l ^ E fr ( "-l'^^''". '-'l-'-nn Z nJ^)f • 

|;-/|<1 £',k' 
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Proof. Case 1: ti^^'l^ > 1. For this case, max{t2^j'f^, r^T^^'l^] = tl^^P. By 
(13.61) . we have 



e',l;'-/l<l,<.-' _ 



eMi-/l<l,<:' _ 

£',\j-i'\<l,k' 

[(1 + |5^)^e-'(2^"^'*^'-'^)^]Jff 

' Z 4;,, (0(1 + ?^2/)^(l + 12^--/ fc' - 



-N 



e',\j-j'\<l,k' 
N 



Because e S(R"), then for any A^' > 0, 



< 



[l+(r52/|aF' 

On the other hand, if ^ e 5(0, |;r), then <I>^'(^) = 0. We can obtain that 

< Jo" ' 2: ^ |a^;,,(0l(l + |2^"^"-t'-fc|r^(r22//'r^f. 

holds for A^' large enough. 

Case 2: tl'^^'l^ < 1. For this case, max{?22/^,r>2-2/^} = r^-^/^. By (TO . 
we have 

6Mi-/|<l,^' _ 

= X" Z a<,,(Oi„0(^^^)^^'(2-^'^)O^(2-^-^)e-'(2-^^-2-'*^')fj^^ 
= X" 2 a)\„(0(|2^'-^"-t'--fc|r^X„?(2^'Vi^)O^'(^)O^(2/-^'^) 

e',|y-/l2l.^' 

= X'^ 2 a^;,„(0(?*2/m2^--/;t'-;t|)-^ 

i„ i C;,(4?)(?^2/^)5f '[0?(^)0^(2/-^-^)]e-'(2^"^'*^'-*^)f f . 

Similar to Case 1, we can get 

\a),\ < X" ^ \4 ,,(0I(?^2/)^'(1 + \2J~fk' - kir'^'j. 

e',\j~j'\<\,k' 

Taking § > A^, we obtain the desired estimate. □ 
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3.2. Tent spaces generated by Besov-Q spaces. In this subsection, on 
R^+", we introduce a new tent type space ^^^^1^,^' associated with Ji^ilq^, 
and then establish a relation between B],\q^ and ^^p^l^^, via the fractional 

heat semigroup e'^^-'^^ . 

Given a function a(-, •) on R.^^" of the form 

a{t,x)= 2 a]^{tWJ,x). 

(e,;,i)eA„ 

For dyadic cube Qr and m e R., let 



and write 

' 1-71.72 



972 _ 9 



y>max|-log2r, ) 



i>- log, )- V / 



-log,r<7<^|2- 



p.q,Q,,m 



log2 r ^ ' 



The tent type spaces ^pql^^, are defined as follows. 

Definition 3.5. For y\,y2,m & m' > 0, \ < p,q < oo and the above 
notations on a{t, x) = 2 "^^CO^^C-^^). let 



71.72 



- TR71.72,/ n 1R71.72J/ n 1R71.72,^// p, 1R^1''''2'^^ 



where 



f/ 6 W-y^J provided sup sup < oo; 
f e M];;^''" provided sup sup /J'^;^^ (f) < oo; 

f>0 xo,r 

f e JBl-y-'" provided sup/;;^y^^ ,„ < oo; 



feJB 



p,q,nr 



provided sup //p'^J.,™' < °° 



To continue our discussion, we need to introduce two more function 
spaces Br,oo and B^^'oo- 
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Definition 3.6. For (e, j, k) e A„, write a^^(0 = {a(t, •), Given r > 

and 7 e R. We say that 

a(-, •) 6 Bl^ if sup it2^j^y2T2j^\a'it)\ + sup 2'^2jy\a'it)\ < oo; 

a{;-)&Bl^ if ?i2TKaa,.),Op|<oo. 
The following inclusions are nontrivial. 

Lemma 3.7. Given 1 < p,q < oo, yi,y2 £ R, m > p and m', r > 0. 

(i) Ifm > 0, then JB^' ^' , c JBlr^\ 

(ii) If-2J3T <y<0</3, then c B^^. 

Proof, (i) Without loss of generality, we may assume ||/||]g^i ''2 = 1. Un- 

p.q,m,m' 

der this assumption, we have / e ^Hqf/ f] ^Hq^'" ■ Note that if a^^(0 = 
{f(t, •), then one can write 

f(t,x)= 2 a'.,(tW.^(x). 

Case 1: ^2^^^ > 1. For this case, one has ; > . Because / 6 Wp'jjf;/, 
one gets 

2 2^J'^^'-^-p\ 2 |fl^,(r)P^(r22^^rl' < 1. 
Taking Qr = Qj^k and r = 2"^, we get 

that is, 

\al^it)\<2j^y'-~y'^-Ht2^j'^yT. 
Case 2: f22^^ < 1. Because / e B^;^^^'", one has 2^'(^2-yi-f)|^6^(^)| < i 

This implies /eB^' 2'- 

(ii) Similarly, we may assume H/Hjgj- = 1. Suppose a e Mloo- Then 

sup (t2^^'^y2'^2jy\a%(t)\ + sup 2'^2-''^|a}^(0l < oo. 

By definition, 

J'<J 

= Z /^„2-^O^'(2-^'^)O0(2-^-^)Jf 
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The rest of the proof is divided into two cases. 

Case 1 : tl^^l^ < 1 . For this case, / < j implies that f2^^'^ < 1 . Because 
a 6 B^oo, we can get ^ 2"^2^"^. Hence for y < 0, 



j'<j 



I'U'-j) 
2 



< 2-T 2 2--'> 
j'<j 

r. "J X 

where we have used both tl^-'^ < 1 and y < 0. 
Case 2: tl^j^ > 1. As above, we can get 

\{ait, •), 0«,(-))| < Z . 14' ,,(012"^ 1 1„ 0?(^)05(2/-^-^) 

< 2 |a,<,X0|2'^ /^„0?(^)05(2/-^-^)J^ 

+ 2 |a};,,(OI2'^ O^'(^)«l>0(2/-^-^)J^ 

=: Ml + M2. 

For Ml, thanks to / > we have |a^<^,(OI < (/'22/^)-^2-t^2-^'^ and 

Ml < 2 (r22//')-2-'i^2-/^2^ 

-^<f<J 

< 2 2-^"^2/sr+r) 



< 2"~f2/3_ 



For M2, owing to / < and y < 0, we have 



2/3 



■</<;■ 



2/? 



'U X 



M2 < Z 2-^2--"'2^ < 2-Tf^. 



This completes the proof of (ii). 



□ 



For any dyadic cube Qjo.ko, we always use Qjo^ko to denote the dyadic cube 
containing Qjg^ko with side length 2*^"^". 

Given (e, j, k) 6 A„. If 6 e E„ and Qj^k c Qyo,^,,, we write (e, fc) G S 

For any w 6 Z^, denote 2^; ,^ = 2«-^»w + Denote (e,k) e 5j;{^ 

whenever 2,;^ c q^ ^^. 

In the rest of this paper, we frequently utilize the so-called a-triangle 
inequality below: 

ia + bT<a" + b'' V (a, a, Z?) e (0, 1] x (0, 00) x (0, 00). 
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Now we characterize the Besov-Q spaces by using a semigroup operator. 



Theorem 3.8. Given I < p < m< oo, m' > 0, 1 < q < oo, - y2 < < /3. 

(i) /// e B];'J\ then f * e JB'" ''' ,. 

\ ' J J p.q ' J t p,q,m,m' 

(ii) The operator is a bounded and surjective operator from ^^p'J^n^, to 
Proof, (i) We prove that 

^ i,k i,k P'l J t i-i ),k^ ' hk p,q,m,m' 

(<;,j.k)eA„ (<;,j,k)eA„ 

via handling four situations. 

Situation 1: Kf * f e W^'j^J^J . For tl^^l^ > 1, m > 0, by there exists 
a constant A'^ large enough such that 

Choosing a sufficiently large A'^' (depending on A'^) in the last estimate, we 
have 

Ca-.« = ia-l'^"' 2 2''^(^'^^^^[ 2 \a^j,{t)nt2^^f^y"f 

i>max|-log2r,-i^l {^,k)eSi 

'"'2 1 ,, ,Y„ . n n\ 

7>max{-log2r, — ^} 
(e,/t)eS; eMi-/|<l,<:' 
7>max{-log2r, — ^} 

f z ( z i<,,i(i + i2^--^'fc'-fcirM' 

< lai"^"' Z 2^^(^'^S-^> 

7>max{-log2r,-I^} 

[ z z \a^:,,ni + \v-rk'-k\r^f, 



where > 1 has been used. In the sequel, we divide the proof into two 
cases. 
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Case l.l: q < p. Because \ j- j'\ < 1 and j > - log2 r, one gets 2"*^'"^'^" < 
r". Hence 

vv.eZMw|<2" ,v>niax|-log,r,-!;f^| 
(e',*:')e5,"'-'' 



weZ",|w|>2" />max{-log 



(e',^')es;:'-'' 



Case 1.2: ^ > p. Applying Holder's inequality to w e Z", we similarly 
have 

f'^' (t) 
< 11/11 



Situation 2: iff * / 6 B^;^^-'". For /'22/'^' < 1 and m' > 0, by ([33]), there 



exists a natural number N large enough such that N > 2n and 



K,a)i< z \a':,Mi + \2J~j'k' -k\) 

€',\j-j'\<l,k' 



Consequently, we have 



-log,r<i<-!:fI 

f z ( z i<,,i(i + i2^-^'fc'-fcir^yf . 



■ (e,yt)6S; e',|/-i|<l 

Case 2.1: ^ < p. We have 

/!'/A(o< z (i + Mr^ 

' \w\<2" 



MQr\-" Z (1 + M)"- 

|w|>2" 



-lO! 



2 2^"'^(^'^^^^)( z M}',,„p^(2"^"iei)-'')' 

/•-l</<-%^-l (e',i')eS"''' 
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Case 2.2: q > p.By Holder's inequality, we obtain 



m 1 

, , ., log?' , 

-log2 r-l</<-^-l 



[ z d + Mr^' z K',,!" 

+ z (i + Mr^'(2"/ieir^' z i^'^J'f 



< II / \\gy1.y2 . 



Situation 3: Kf*f e W^l'^^f^ . For this case, we have 2^2;/? <t<r^P and 
thus 

K,«l< Z ,)^' ^ 2-¥2^(r.-r.)(,2^i^)-. 

This yields 

< z 2-(--5-)[xia2^^r 

j>- log2 r 



Let 



Ay = ( z i<,,i(i+i2^"^'^'-^ir^f. 



Notice that j ~ / and the number of e' is finite. Applying Holder's inequal- 
ity on k' , we obtain 



A; < Z Z \4,,\''{\+\V-i'k'-k\)- 

li-/|<3 e',k' 



■N 



Let and Qfx be two dyadic cubes. Denote by Qj^ the dyadic cube 
containing Qj^k with side length 2^~K For w 6 Z", denote by the cube 

Qj^k + 2^"^w. It is easy to see that if Q^^^ c 2"^, then 



{l + \V~''k' -k\r^ <{l + \w\) 



-N 
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(see also (l42l) ). We obtain that 

i>- log, r 

Z Z Z |a^;,,|^(l+|2^'-^"/:'-;t|r^'fl'. 

The number of which are contained in the dyadic cube = 2^"% + 

Qjk equals to 2"^^^^''^\ On the other hand, for any dyadic cube Qr with 
radius r, the number of Qjj^ c Qr equals to {ihy. Then the number of Q^^k' 
which are contained in the dyadic cube 2" equals Denote S "'^ the 

set of {e' , k') such that Qj' i,> c Q":. Finally we have 

ii:,:L>n ^ \Qrf^~'' 2 2^'^(-'-^^^>[xia2^^^) z n + iMr' 

/>-log2r-3 |vy|<2" 

(6',i')es;.'-^' 

+ z 2J''^^^^~p\ C^it^'''^ z (1 + 

/>-log2r-3 \w\>2" 

z e-'2'^''ia;:,r(2"^"iei)-^'f]' 

(6',/t')e5';r-^'' 
=: Ml + Af2. 

Because / e fi^J^f", from 
it follows that that 

Ml < Z 2^ ^^^'+5-) 

/>- log2 r-3 

(Xia2^//^).---^^''' z j-l.rf)' 

(e',A:')eS;'-^ 

'"'2 9 ;' „r„ J. " n \ / ? 

<ie.|-"^ z 2^'^^^'"^-?^( z M},,,Fo^ 

For the term M2, we divide the estimate into two cases. 
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Case 3.1: q < p. For this case, / > - log2 r-3 implies (2"j'r")^' < 1 and 

/>- log2 r-3 weZ" 



/>- log2 r-3 weZ" 



'"'2 9 J." 9'^' 



„ vr. f' 



< 



Case 3.2: ^ > p. For this case, by Holder's inequality and j ~ /, we 
obtain 

[ /;'',(r22^^r z 2 e-''^'''''(i + iwi)-^ia^;,,p^(2"/ieir^'fl' 

|w|>2" 



(e',<:')es;.'- 



The rest of the argument is similar to that of Case 3.1, and so omitted. 
Situation 4: Kf * f e Bj^;^^-^^. As before, we have 

"lTQ,nf= z 2^'^^'"^5-^[ z \a^j,(t)nt2y'^y"''if 

( Z M + 12^"^"^' - /:|)-^)''(?22^^)"''f l' 

i^-l°g2'- (e,/t)es; 

Z \a''j{\ + |2^'-^"A:' - /:|)-^(?22^^)'"'f l'. 

€',\i-i'\<\,k' ' 

Because |j - j'\ < 1 and < ? < 2"^^-^, we have 

j;;'""V2'^"^)'"'f < 1 

and so 

;>-log2r |h.|<2" {e',k')eS';-' 

+ \of^~i^ y Tj'^^^'^'iA y ^— y ^^'^ l" 
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Case A.l: q < p. For this case, by the a-triangle inequality, we have 

vveZ" " />-log2r-l {e' ,k')eS'"/ 



Case 4.2: q> p. Using Holder's inequality, we have 



rn^l . £ 



weZ" />-log2r-l {€',k')eS"'-J 



< If t>ny2. 



This completes the proof of (i). 
(ii) We prove 

(eJ,k)eA„ 

For the dyadic cube Qr and j > - logj r. Holder's inequality and (13.71) imply 



Z < Z Z /7{(max{f22/^(f22//^)-M)- 

x|fl^;,,a)i(i + i2^-^''t'--tir^)f|'' 
< z z z (1 + 12^"'"^' - ^ir^ 

( /7(max{?22//^, (^22//^)-M)-^|a}; ,,(Olf )' 

^ z z z ^T^,^( /;a2^//^)-ia^<,,(oif r 

=: /1+/2+/3. 
Now we estimate the terms 

Mi = \Qf-^-f' Z 2''j'-^'^'i-f'\l^)f', i =1,2,3 

i>- log2 r 

separately. For simplicity, we may assume ||/||to''i ''2 = 1. 

p. q. in. in' 

First of all, we control Mi . Because /(■, ■) 6 B^'/;, c Bl'^', if tl'^^'^ > 
1 then 

If tl'^^'l^ < 1, then we still have 
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By Holder's inequality, we get 

/i< z 2 2:(i + i2^''-^v-'tir^(x;(^22//^r>}'\'(oi7r 

< z Zd + M)-^' z z (1 + i2^"^v - fcir^' 

|y-/|<l weZ" (^/^^./jes-j' 

< Z Z (1 + Mr^'[2-^2--''<^'-^2)(^2^-')^2/?iv-|P 

l7-/|<l vveZ" 

< [2~T2--'(^i-^2)(r2^)p^^^^]/'. 

As a consequence, we get that for A'^ large enough, 

;■>- log2 r 

< \Qr\''^'''( Z 2''^'^^'+^^)2-'^2-'^^'(^'->2)(^2^)<?"-2g/^wj5 

i>- log2 r 

< 1. 

Next, we estimate M2. Because \j - j'\ < 3, it is possible to have / = 
j, j + 1, 7 + 2, 7 + 3. However, these cases ensure 

(£,k)eSi >:',\J-J'\<^,k' 

Also, Holder's inequality is applied to imply 

|f"''l4',.(OI(^2^^-'^rff 

< ( la}; ,(oi^(.2^//^)-f )( f'\t2y'rfr 

Therefore, 

(/2)^<( z . ,z j^"^"ia-:,a)i^-a2^^'Tf)- 



Case 5.1: q < p. Because < t <2 one has 

(tl^j'/^f < (tl^^'f^r' for N»m'. 
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Consequently, 



< z 

weZ' 

< z 

weZ' 



(2"' lei)' 



(2"' 161)' 



(e,A-)e5; (e',/t')eSj/ 
r2--^'/* 



(l+|Hi) — 



Because j > - logj r and j ~ /, it follows that {2"^'\Q\) ^ < I and 



/■>- log, )- P-1J"' 



Case 5.2: q > p. The Holder inequality implies 

(/f^"|a;;,(0l(r2^^-'^)'^f)" 

< ( la}; ,,(oi^(^22//^)^f )( /;"''(r22//')^f 

< X |a;;,,l^(r22//')-'f. 



When j > - log, r and \j - j'\ < 3, we have (2"^'|2|) ^ < 1, and then use 
Holder's inequality to imply 



M z z z ^^r"' z \a^,,mi^f^y'^^ 

^ [ z a,^( z X"''\a^,,m^^'^r^] 

X z (1 + M)— " , 

^ weZ" ' 



whence getting 



i>- log2 r 

< \Qr~\ z 2^^'(^'^^i^) z X'""'ia};,,wp^a22//^r'f]' 

7>- log, r (e',A')e5r'' 

^ ll/llTO5'l-r2-'l'- 
P,?,m' 
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Finally, we estimate M3. By Holder's inequality, we can see 



Applying Holder's inequality for t implies 

( \a^' (t)\ ' 

^ £-2r, |a};,X0l^(?22//')"'(?22//')'"-^f 

^ /2'!,ja};,.(oi''a22/rf, 

where we have used the inequality (tl^j'^)'"'^ < 1. 

Case 6.1: q < p. For this case, we have, by the a-triangle inequality, 

(/3)' < z (1 + iMr'-^l z Cr, \a'^:,,it)nt2^^'^r'if 

and 

j>- log2 r ^P.']M 

Case 6.2: q > p. For this case, we have, by Holder's inequality, 

(/3)^< z^[ z .,£^.ia};.(0i^a2^^^rf]' 

and 

2 2'^^(^'^t-p(/3)^)' < \\f\\rQn.n.n. 
j>- logj r 

Therefore, the proof of (ii) is complete. 



□ 



We close this section by showing the following continuity of the Riesz 
transforms acting on the Besov-Q spaces; see also [|2l and [|37]| for some 
related results. 

Theorem 3.9. For 1 < p,q < 00, yi,y2 ^ > p, and m' > 0, the Riesz 
transforms R\,R2, - ^Rn cire continuous on ^'''p'J^„„r- 
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Proof. For the sake of convenience, we choose the classical Meyer wavelet 
basis {<I»^j(x)}(fj,^)gA„. For any g{-, ■) e ^l''I'„ ,„, and / = 1,2, ...,n, we need 



to prove iR,g)i; •) G B;;^;;',; . Write git, x) = Z g{,m{,ix). Then 



{£,j,k)eA„ 



Rig(t,x)= 2 gi^mmAx) 



(£,i,k)ehn 

where ^^^(0 is defined by 



^ (e',/,*:')eA„ ' 
(e',/,A:')eA„ ^ ^ ^ ^ ' 

=: Z 2 

|;-/|<1 e',k' ^ ^ 

Because Ri is a Calderon-Zygmund operator, we get, by (I2.41 i. 

We divide the argument into four steps. 

Step 1: {Rig){; ■) e BJ^^?/, / = 1, 2, • ■ • , n. We have 



y>max{- log2 r, 



_ log2 ' , 



y>max{-log2 r-'-^j^} 



172 1 



2 2 c^lj',k'Sf,k'(f) 

\j~j'\<l e',k' ^ ^ 



2^iAri+f-p 



y>max{- logT r,- 



{£,k)eSi. 

Because \j - j'\ < 1, we get 



[ 2 2 1 2 a;i,.,^};,,(ofa2^^^r]'. 



Kkj',k'\^(^+\k-k'\) 

For a dyadic cube Qr, we denote by Qr the dyadic cube containing Q,. and 
has the volume 2^"\Q,-\. Let w eZ". And, we always write 2'/ for the dyadic 
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cube 2^rw + Q, . Applying Holder's inequality to k', we have the following 
estimate: 



(3.8) 



< z ( 2(i + i't--t'ir<"+^«)i4,,,(oif 

< I. I. I. (i + ifc-rir<"+^"^ig)',,a)i'' 

< Z(i + Hr(""^^ Z 2 {i + \k-k'\)-"-^\g^.,,,{tW 

(e,<:)eS/.(e',<:')eS7' 



The above estimate yields 

7>max{-log2r,--!^) 

[ z z(i + Mr^""^' z i^^,xoi^a22^^rl' 



■\j-j'\<lweZ" {e'k')eS"''' 
7>max{-log2r,-^^) 



z [z(i + Mr^""^' z ig^'^xtwiti^^^ff- 



Now we deal with the term 



If q < p, applying the or-triangle inequality to w, we obtain that 



[ z (1 + iwD-c^^) z ig^: ,xt)nt2''''rf 



(£' ,k')eS'r--' 



< z (1 + \w\r^'"^^^ip\ z i4',,(oi'^a22^^)"f 
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lfq>p, applying Holder's inequality to w, we obtain 



< ( z (1 + \w\r^"^^^ 

^ weZ" ' 

mC^" _ . _ 111 i' 



The above two estimates imply that there exists a constant A'^' such that for 
any p and q. 



[ z (1 + z ,,(01^(^22^^)'"]' 
< z (i + kir^'[ z \g',it)fis^^^''r'f 



p 



Because |j - /| < 1, it is obvious that / = 7 - 1, j, 7 + 1. Using this we 
get 



p,q,Qr,m^ 

Z ( 

weZ" 



/>max{-log2r,-l;^| (e',<:')e5r'' 



(/ + l)>max{- log2 r,-^) (e',<:')eS; 
=: Ml + A/2 + M3. 



Because / > maxf-logjr, -i^}, we have / > -log2(2^r). Hence, it is 
easy to see that / > max{- log2(2^r), -^^}, and so that 

Ml + M2 < z (1 + kir^'ien^"^ z 2"^'(^^^'i--p) 
[ z ig};,,(opa22/^r]' 

{e'.k')eSf'' 
^ llgllTRyi.r2-'- 

Also, because Qf^t c 2" , one has / > -log2(2^r). On the other hand, note 
that 

/' + 1 > -12111 =^ f > -]2iil or (-i^lil _ 1) < /' < -12111 
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Thus, one finds 



+ z (1 + M) leri""^ z ^^'"-^-T'^ 

= : M3,i + M3,2. 

On the one hand, it is easy to see < llgllroriya'- On the other hand, 
because / < yields tl'^^'f^ < 1 and {tl^^'f^f < 1 for m > 0, one gets 

weZ" 

^ ll,?llTOri.r2.". 

p.? 

Step 2: iRig)i; •) g BJ,;^^-'", / = 1, 2, • • • , n. For this, let the radius r of 
2, be 2-^0. 



< le.r-^ z 2^^(^'-^-) z z z 
<ie#-^ z 2-^--^^) z [ z (zi^};.iK^;, 



Because |j - /| < 1, we get lajf^., ^\ <(\+\k- k'\y^''^^''\ Then, similar to 
Step 1, we can obtain that there exist N' > such that 

lOgT I 

Jo<J< — ^ 

\ z z(i + Mr'""^^ z igifimti^^^yf 

;o<y< — jp- 



z Z(i + Mr^'[ z igUM'f, 
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where we have used the estimates (13.81) and (I3.9I ). Because \j - j'\ < 1, we 
have 

weZ" 



=: M4 + M5 + Mg. 
Because 2/,*:' c 2" , we always have / > jo - 8, whence finding 

qy2 q 

M5 + Me< z (1 + wr^ 

H-eZ" 

;o-8</<-I^ (e',<:')e5;."-^' 
^ ll^llTOri.y2."- 

For A/4, we have 

M4 < z (1 + Mr^'ie:-i^"' 

vveZ" 



yo-8</<-^ (e',<:')es;- 
1 

weZ" 



/>max{;o-8,-^l (e',A:')eSr'' 
= : M4,i + M4,2. 



By definition, we know M4 1 < UgllTOnn"- For M42, because / > --^ 
ensures {t2^j'^)"' > 1 for m > 0, we have 

M4,2< z (i + Hr^'ien^"' 

wsZ" 

/>max{yo-8,-I^) (e',A:')eSr'' 
^ ll^llTOri.r2.'- 

Step 3: 6 JBll'^^'J", I = 1,2,--- ,n. We have the following 

estimate: 
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p,q,Qr,m 



J^Jo 



+ 7--) 

2 o -' 



By the estimates (13.81) . we have 

2 jg};,,(op^(?22^^)'"f]' 



|;-/|<1 wsZ 



(6',/t')eS;:- 



If ^ < p, applying the or-triangle inequality to w, we have 



p,q,Qr,m 



weZ" 7>;o 



lfq>p, we apply Holder's inequality to get 



7> 70 weZ" 

x{ z (1 + iwir("+^'[ z 



ii-/i<i 



{e',k')eST 



Hence we can always obtain that there exists N' > such that for any 
I < p,q < CO, 



p,q,Qr,m 



< z (1 + " z 2^^'(^'+^P 



(3.10) 



J^JO 



[ z z i4',,,(oi''a2^^^rf]^ 
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Because / = j - I, j, j + 1 , one gets 



^ \Q'^~^ 2 (1 + iwi)--' 

2B 1 

+ z 2^'^■'(^'-^i^)[/;X.,,, z i^};,xoi^(^22//^rf]'} 

(/+i)>;o {£',k')es:-'' 

= : /i +/2 +/3. 



Because the length of is 2^-^», by 2/ c 2* we have / > jo - 8 and 
thus 

/i + /2 < Z (1 + kD-^'ien"^"" Z 2^^"('''^^i^^ 

weZ" />(yo-8) 

[C^ z j^};,,(oi''a22//^rf]' 

(e',*:')es;."-^ 
^ ll^llTO>'i-r2.'"- 

p,q,m 



Meanwhile, for Ii, we have 



h ^ m"^-'' z(i + H)-^' z 2^^"('"^^p 

weZ" />(yo-8) 

[rl'.n. z J4',,,a)i''a22/Tf]' 

(e',<:')e5"''^ 

< len"^"' z (1 + ki)"^' z 2''^"('''+^^) 

weZ" />(;o-8) 

x[/;r,, z j<,,(oi^a22^-'^rf]' 



+ z (i + M)-^ z 2^^<^'+ 

weZ" />(yo-8) 

x[X'"'''' z i^};,,a)i''a22//*rf]' 

= : -^3,1 + ■^3,2- 



2 „> 
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By definition, we have I31 < WgWroyi-n-'" ■ For 73 2, we should notice that if 
0<t< 2^2//3 then (r22//^)"'-'"' < 1 for m > m'. So, we can obtain 



weZ" />(7o-8) 

(e',k')eS''-'' 

»-eZ" />(io-8) 

[ f z ig};,,(oi^(?22//^)'"'(?22//')-'"'f]' 

(e',/t')e5r^' 
^ llglljBn-n.'i'- 



Step 4: {Rig){;-) e Bj^;^^'/'', / = 1,2,--- ,n. We have the following 
estimate: 



r i-ri .72 

p,q,Qr,m' 
i£22._i 



< la-i"^"' z 2«^'<^'+5-^^ 



Jo 2: Z Z 



(e,/:)e5/. 

Z : 



^ \Qr\~"^ Z 2-"^''"5-7; 

[z(i + Mr^"^^) z C'' z ig}',,a)ra22^Vfl', 



where we have used (13.81) in the last inequality. 

If ^ < p, we apply the a-triangle inequality to w. If ^ > p, we apply 
Holder's inequality to w. Similar to (13.101) . we obtain that there exists A^^' > 
such that 



7/ 



n .72 

p,q,Qr,m' 



< 



z (i + M)-^'ie#'' z 2"^'^' 



1+2-p) 



z X z ig};,,(oi''a22^^)-'f ". 

\ i~ i'\< \ ^ n'_ 7' 



■Ii-/I<l 



(e',j(:')eS;-- 
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Since / = j - I, j, j + 1 , we further get 
Tjri .72 

p,q,Q,;m' 

weZ" 

(/-1)>70 (e' ,k')es:-'' 

= : /4 + /5+/6- 

Because Qj'^t c 2* ensures / > jo - 8, we have 

h + h < len"^-' 2 (i + iwir^' 

weZ" 

J'^J0~» (e',/t')es;r-^' 
^ Il5llron-r2.'i'- 

For /4, we have 

vfsZ" 

(/-i)>;o 

< m"^''' 2 (1 + iwir'^' 

weZ" 

2 2^^-'<^'-5-^>[/;"'' 2 ig}:,,(oi^a2v^r'f]' 

+ WrX^'-^ 2 (1 + M)-^' 

weZ" 

2 2'^^'(^'^5-p[£'f"' 2 l4,,(0Pa22//^)'"'fl' 

= : /4,1 + /4,2- 

Obviously, 

/4,i < leri"^"" 2 (i + M)-^' 

H-eZ" 

2 2 lg};,,(0P^a22/Vf]' 

/>(;o-8) (e',/t')es;--'' 

^ ll^llTOn.)'2'V'- 
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For /4,2 let r^^. = 2^"^". Then \og2r„ = 8 - 70. Thanks to / - 1 > jo and 
t < 2-2(/-i)/5^ we have 



Finally, we get, by using (tl^-''^)'"' < 1, the following estimate: 

/4,2< m"^-'' z (i + H)-^' 

weZ" 

< m"^-'' z (1 + 

weZ" 

/>-log2r,, (e',<:')eS;r-^' 
^ llgllTR)'i-r2-"', 



thereby completing the proof of Theorem 13.91 □ 



4. NON-LINEAR TERMS AND THEIR A PRIOR ESTIMATES 

4.1. Decompositions of non-linear terms. From now on, let 
'v(t,x)= Z v^,(0O^,W. 

{eJ,k)eA„ 

For / = 1, • • ■ , n, we will derive some inequalities about 
B,{u, v)(t, X) = X' e-^'-"^^-""^ £^(uv)ds. 
Here, it is worth pointing out that (11.11) gives 

^-^t-.)i-Af ^(UV){S, t, X) = If(s, t, X), 



48 PENGTAO LI, JIE XIAO, AND QIXIANG YANG 

where 

iy{u,v){s,t,x) = z 2 4',,.(^)v;,_3,,„(5) 



e',k' k" 



lf(u,v)(s,t,x) = 2 Z <,,(*)vf,„(^) 



X e 



if(u,v)is,t,x) = Z Z Z w:, j^,is)v% ,^„is) 

0</-/'<3 e',k' e",k" ' ' ' ' 



X e 



iy{u,v){s,t,x) = z z z u':,,{sv"„{s) 

0</'-/<3 £',k' £",k" ' " ' 
e' ,k' k" 



Hence 

Bi{u,v){t,x) =: I, ir:!(s,t,x)ds 

/eZ(=l 



(=1 /eZ 

5 nt . 

=: Z Jo I\{s,t,x)ds. 



Therefore, we can write 



(4.1) Bi{u,v){t,x):= ili{u,v)(t,x), 

i=l 

where 

I'liu, v)(t, x) = I'lis, t, x)ds. 

In order to estimate the bilinear term B{u, v) in some function spaces on 
R", we are required to decompose the terms I\{u,v){t,x), i = 1,2, • • • ,5, 
respectively. 

Decomposition of l]{u,v){t,x). The term l]{u,v){t,x) is decomposed 
according to two cases. 

Case t > 2~^j^. For this case, we write ll(u,v)(t,x) as the sum of 
the following three terms: 

2-1-2//) 



ij'\u, v){t, X) = z^^ z X " 



X e~ 
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£',j',k' k" * ' ' 

e',j',k' k" 2 

For / = 1, 2, 3, denote 

(<;J,k)eA„ 

Case [//]2: ^ < 2~^j^. For this case , we denote aj^(t) = a^j^p) and then 
have 

l]{u,v){Ux)= 2 a':l{tWM. 

{£j,k)eA„ ■'' 

Decomposition of lf(u, v)(t, x). The decomposition of lf(u, v)(t, x) is 
made according to two cases. 

Case t > 2"^^^. Naturally, lf(u,v)(t,x) can be divided into the 

following three terms: 

/ £',k' e",k" 

if\u,v){t,x) = Y.i: 2 /2l-2/,|4;,x*)v};;,„(^) 

Case [//^]2: ^ < 2"^^^. This /^^(m, v)(?, x) can be decomposed into the sum 
of W^iu, v)(t, x) and lP(u, v)(t, x), where 

/ f;',k' £",k" 

and 

For z = 1,2,3,4,5, set 

lf\u,v){t,x)= Z Z'^lWO^.W- 
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Decompositions of P^{u,v){t,x). Similarly, we have the following two 
cases: 

Case i: t > 2'^^^. This I^(u, v)(t, x) can be divided into the following 
three terms: 

0</-/'<3 £',k' £"M" ^ ' ■' ' 



X e 



-(r-.v)(-Af _d 



il\u,v){t,x)= z z z /2V2/,|4',,.(^)v.<;,„(5) 

0<y'-y"<3 e' ,k' e" ,k" 

ff\u,v){t,x)= Z Z Z fAu',{s)v'",,{s) 

0</-/'<3 e',k' e",k" 2 ^ ' ■ 

Case \I^]2'- t < 2'^^^. This I^{u, v){t, x) can be decomposed into the sum 
of II^{u, v){t, x) and lP{u, v){t, x), where 

0</-;"<3 £',k' £",k" ^ ' ^ ' 



and 



/f'^(i<,v)(?,x)= Z Z Z /2-2/.(4',;t'(*)4',;t"(^) 

0</-/'<3 e',/c' 

,-(?-.v)(-A) 



For z = 1,2,3, 4, 5, denote 

i]\u,v){t,x)= z 

(e,j,k)eK„ 

Decompositions of /^'^(m, v){t, x). These can be done by considering two 
following cases. 

Case [/f]i: t > 2'^^^. This lf(u, v)(t, x) can be divided into the following 
three terms: 

lf\u,v)it,x)= Z Z Z /o''"''{<.'(^)v)V(*) 

0<y"-/<3 e',k' e" ,k" 



X 



if\u,v)it,x)= z z z j;L2/J<,.(^M;;,.(^) 

-(r-.v)(-A) 



X 
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0</'-/<3 e',/t' e",/t" ''2 ^ ' J ' 

Case Ufh'- t < 2'^^^. This lf{u, v)(t, x) can be decomposed into the sum 
of II^(u, v)(t, x) and 11^ (u, v)(t, x), where 

0</'-/<3 £',k' e",k" ^ ' ' 

and 

0<j"-j'<3e',k' £",k" ^ ■> ' J ' 

For z = 1, 2, 3, 4, 5, denote 

I^'\u,v)(t,x)= 2 Z7^1(0O^,(x). 

{£,j,k)eA„ 

Decomposition of x). It is easy to see that the terms /^''(m, v)(t, x) 
and v)(f, x) are symmetric associated with u(t, x) and v(f, ;c). Hence for 
lf(u, v), we have a similar decomposition. 

Case ? > 2~^^^. For this case, we write I^(u,v){t,x) as the sum of 
the following three terms: 

i^'\u,v)(t,x)= z i:C''{4kMu%k"('^ 

£',]', k' k" 

I^'\u,v){t,x)= Z Z/2L,,|4'-t'(*)"?-3."(*) 




For z = 1,2,3, denote 

I^'Xu,v)(t,x)= 2 a-iitm^ix). 

Case [/,^]2: t < 2~^^^. For this case, we denote aj^(t) = a'jj^it) and then 
have 

Il{u,v){t,x)= 2 a)'t{tWj,{x). 
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4.2. Induced a prior estimates. In what follows, we are about to dominate 
the above-defined ajl, b^:l, w^,'^, and v^,"^„. 

Lemma 4.1. 

(i) 

lj-/|<2 e',k',k" 

(ii) 

|;-/l22e',i',/r" 

X e-^'22'''(l + \2i-i'k' - k\)-^{l + \V-^'^^k" - k\)-^]ds; 

(ill) 

|;-;'|<2 e',k',k" 2 

(iv) 

X e-s('-^)2'^^(l + I2j'fk' - k\)-^(l + \2j-j'^^k" - k\)-^ds. 

Proof. 

a%{t) = {l]\u,v\^),) 

e',k',k" \j-j'\<2 

CO 

Upon writing = ^ ^^^^(-A)"'^, we have 

m=0 

(,-.-.)(-A/A(o^;^,oo^3,„), o^J 

00 . . 

= - £ i^i„{2^0^'(2/x-fc')2^0°(2/-3;c-r) 

m=0 

(-A)'"^|^[2tO^(2^';c - 
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If Stands for the function (-A)'"^^(l)^ then 



(,-.-.)(-A)^A(o;;^,oo_3,„), o^,) 

m=0 

2(2m/j+i)7^.(2-'jc - k)]dx 

CO 

= - Z t(^i„2"/|2¥2(2-/^->)^0^'(2/;c-2/-^>-fc') 

m=0 

0°(2^'-3;c - 2j'-j~^k - k"Wi{2jx)}dx 

CO 

= - 2 t(tlK2''j'2T2^^''''^+^y2~"j JJ^„ jo^'(2-'"--''jc - 2-'"-^l - k') 

m=0 

^\2j'~J~^x - 2J"-j-^k - k")mx)]dx. 



For e ^ 0, denote by 4 the smallest one of the indexes i with e, ^ 0. For 
X = (xi,X2,- ■ ■ , x„) e R'\ write yo = x^. For any A^^ > 1, denote by x^^ the 
vector (xi, • • • , JC;^-i,yiv, jc;^-i, • • • , x„). For any 0(x), write 

=r: ^(4)^3^1 •••^3^^- 

Denote by Z)^O(jc) the function |^0(jc). 

Because < 5 < | gives (t - s) t, by j ~ / we have 

(,-a-..)(-A/|.(O^<^^,O0^3,„), O^,) 

CO 

m=0 

xZ)^[0^(2^'-^';c - 2^'-^l - k')^'^{2j'-j-^x - V'-^-^k - k")\]dx\ 

< g-ctf./^2T+i [(1 + + |2-'"'^'-^ - 2i''^k - k'\)-^'- 

x(l + \V'~i-^x - 2j'~j-^k - k"\y^'^}dx 

< g-.tf./'2T+i( + + )(i + + \2''-'x - 2j'-^k - 

X(l + \2j'~j-^x - V'-j-^k - k"\r^'^dx 



where 



A = jx 6 R" : \V'-h\ > \\V'-ik - k'\ and \V'-^-^x\ > \\V'~i~^k - k"\]\ 
5 = |x 6 R" : \V'~ix\ < ^\2j'~jk - k'\ and \2j'-j~^x\ < \\2i''i-^k - k"\\, 
C = R"\(A U B). 
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For/i, using j ~ / we get 

< (1 + \2j'-jk - k'\)-^{l + \2j'-j-^k - k"\T^. 

Note that 

( - 2J"~jk - k'\ > \2j'~jk - k'\; 

[|2^ 'J-^x - 2J -J'^k - k"\ > \2J -J-^k - k"\. 

So, for I2, using j ~ / we obtain 

l2< (1 + \2^"~jk - k'lr^Kl + \2j'-j~^k - k"\y^^~ Jg(l + \x\)-^'dx 
< (1 + \2^'-^"k' - k\y^'~ii + \2j-j'^^k" - k\T^\ 

For 73, we have 

/3 < (1 + \2f-i-'k - k"\r-^ + 1^1)-^'^^ 

+ (1 + \v'~^k - k'\r^^ i,,. ,.-..,.-.3,.„(i + \x\T'^dx 
< (1 + \v-^'k' - k\)-^\\ + \v-^'''^k" - k\r^\ 

This completes the proof of Lemma l4~T] (i). In a similar manner, we 
prove Lemma ffn (ii)/(iii)/(iv). 

Lemma 4.2. 

(i) 

■' j<j' +2 £' ,k\e" ,k" ^ ^ ' 

X e~'''^^'\\ + \V-i'k' - k\r^{\ + \V-i'k" - k\r^\ds\ 

(ii) 

i<i'+2£',k',e",k" ^ ■' 

X ^-^^^^^''(l + |2^'-^")t' - kir^il + \V-i'k" - k\)-^]ds; 

(iii) 

}<y+l£',k',e",k" - 

(iv) 

J< f+2 £',k',e",k" 

X e-'^'-'^^''\l + |2-'--'";t' - ;t|)-^(l + \2j~j'k" - k\r^]ds; 
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(V) 

^ ;</+2 £',k',£",k" ^ ■' ■' 

xe-'-^'-''>^''\\ + \2j-j'k' - k\r^(l + \V-i'k" - k\)-^}ds. 

Proof. Following the argument for Lemma l4n we only prove (i). By defi- 
nition, 

e ,k' e ,k" j<f+2 

Formally, we can write 

= z '^{^-^f'^u^ik'^i,')^ n^) 

m=0 

The inner product in the above equality can be written as 

= 2^0^' (2^' ;c - k')2'^<b'"{V' X - r)(-A)"'^|y(2TO^(2^';c - k))dx 
= j2"^"0^'(2-''x - k'W'Xlj'x - ;t")2T2(2'"/'+i)i 
x((-A)"'^|yO^)(2-'x - k)]dx. 

Let = (-A)'"^^<1)^. By the change of variables, we obtain 

= 2«/2t2^'(2'"/*+i) (^''{2j'xW"{2jx + k' - k")Q)l{2jx + 2j-j'k' - k)dx 
^ 2T+i22'"^^' ^''iyW"{2^-^'y + k' - k")(!)l(2^~^'y + V~^'k' - k)dy 
= 2^+j2^>nlij \l'^Q)^'{y)D%[(^'"{V'i'y + k' - k") 
x^\{V~i'y + V~i'k' - k)]\dy. 
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where and are defined in the proof of Lemma 14. II Finally, by t-s ~ t 
and j - f < 2, we can get 

m=0 

xD';^[(t>'"(2j-j'y + k' - k")^l(2j-j'y + V-J'k' - k)]]dy^ 
= Ti^^e-'"^" I,, /^0^'(3;)D^[0^"(2^--/3; + k' - k") 

x%{V-i'y + V~i'k' - k)\dy\ 
< 2T-'je~"^'''2^j~j'^'' l„ {(1 + |);|)-^(1 + \2j-j'y + k' - k"\y'' 

x(l + \2j-j'y + V'i'k' - k\)-^]dy 
= 2^-Je-^'^"2^J~J'^^( + + )|(1 + \y\)-^(l + IV'J'y + k' - k"\)-^ 

x(l + \V~i'y + V'^'k' - k\T^]dy, 

where 

[d = G R" : \V-i'y\ > \\V-i'k' - k\ and \V~^'y\ > \\k' - k"\\, 
\E = [y£W : \V-i'y\ > ^IV'j'k' - k\ and IV'^'y] > \\k' - k"\\, 
= R"\(D U F). 

In the same way as proving Lemma ffTl we can reach the desired estimate 
(i). The estimates (ii)-(v) can be proved similarly. □ 

In the forthcoming lemmmas, let Qj^k and Qj>^k' be two dyadic cubes, and 
for w 6 Z" denote by the dyadic cube Qj^k + 2^~^w, where Qj^k denotes 
the dyadic cube containing Qjj^ with side length 2^~K 

Lemma 4.3. For j, / e Z and w, k, k' e Z", ifQy^k' c 2J^, then 

(4.2) (1 + \V~''k' - k\)-^ < (1 + 

Proof. If xo is the center of Qj^u, then an application of the triangle inequal- 
ity implies 

\2j~fk' -k\= 2j\2-j'k' - 2-jk\ 

> 2^'(2^-Vl - \2-^'k' - 2^-iw - XqI - Uo - 2-^k\) 

> 2^'(2^-Vl - 2^-^' - 2~}). 

Hence, for \w\ > 2(2^ + 1) > 1, we have 

(1 + \V~i'k' - k\)-^ < [1 + (|w| - 2» - 1)]-^ < (|w|r^ < (1 + 

If \w\ < 2(2^ + 1), then the above inequality is obvious, and hence (14.21 ) 
follows. □ 
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Lemma 4.4. LetO < f - j" <3, j< f + 5 and\w-w'\ > 2". //<2/,<t' c QJ^ 
and Qj'\k" c QJ^ then 

(4.3) (1 + \2^'~^"k" - yt'l)-^ < 2^(^'-^")(l + \w- 

Proof. Using the assumption, we estimate 

\2f~rk" - k'\ > 2-''(|2*^-% - 2*^-V| - \2-i"k" - l^-^w' - XqI 

-\2-i'k' - - xo\) 

> 2j'i2^-j\w -w'\- 2^~j - 2^~j) 

> 2j''j(\w-w'\-2) 

> 2j'-}\w-w'\, 



whence getting 



(1 + \2j'-j"k" - fc'l)-^ < 2^j~j'^''{\w - w'lr 



By \w - w'\ > 2", we can get (143]) . □ 

Lemma 4.5. Let Qj^k be a dyadic cube with radius 2~K For w e Z", set QJ^ 

be the dyadic cube 2^"% + Qjk- Then 
(4.4) 

Z Z , li/^; ,,(*)llv)V(^)l'"'(l + \2^-^"k' - k\)-'''(l + \k' - ri)-«^ 

< i:' z (1 + M)^^(i + iw'i)-'^ 



weZ" w'eZ" 



Proof. If Qj,,k' c ej,, then (1 + \2j-j'k' - k\)-'' < (1 + Iw|)-^. If 2,-, c QJ^ 
and c then (1 + - k"\)-^ < (1 + |w - w'\y^, and hence 

(1 + \2j~j'k' - k\r^^(\ + \k' - k"\)-^^ 

< (1 + \w\r^^(i + iw-w'i)-2'^ 

< (1 + iwi)"^(i + iwi)"^(i + \w- w'\r^ 

<(l + M)-^(l + |w-w'| + M)'^ 

< (1 + |w|)-^(l + Iw'l)-^. 



By Holder's inequality, we have 
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< 2 Z (1 + lw|)-^(i + Iw'l)-^ 

weZ" w'eZ" 

z z iM};,,(^)iiv};;,„(*)rHi + w - rir^" 
^ z z (1 + M)-^(i + z k;,,(^f)' 
x[ z ( z iv};',„(5)rHi + i-t'--t"ir^^f f . 



On the other hand, 

[ z ( z \v'^;\„(s)r'(i + \k'-k"\)-^''fY 

< [ z ( z iv};;,„(^)i^(i + w - k"\r'^fY 

{€' ,k')eS".'/ i£",k")eS"'/ 

< ( z \v';\.iswf- 

(^",k")eS';/ 

Finally, we obtain 

z z K:,xsw",xs)r'ii + \v~''k' - k\r^H\ + w - ri)-*^^ 
< z z (1 + Mr^d + i>v'ir^( z I4',,(^f)' 

X ( Z Ivf.AsWf, 

ie".k")eSl[ 

thereby reaching (I4.41 ). □ 

Lemma 4.6. Let Qj^k be a dyadic cube with radius 2'K For w e Z", denote 
by the dyadic cube + Qj^k- IfS>Ois small enough, then 

z ( z Z(i + Mr^( z M/.'i'ff 

k)eSi ;</+5weZ" {£',k')eS"/ 



(^4 5^ U,k)eSi ;</+5weZ" {';',k')eS'Jj: 

2 2''</-^) 2 (i + M)-^ Z 

j<j'+5 weZ" (e' ,k')eS''/' 
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Proof. Applying Holder's inequality to k' and /, respectively, we have 
Z { Z Z(i + H)-^( Z \a).u'\'Y]' 

(e,k)eSi j<j'+5weZ" (c',k')eS'Y 

< z 2^(^-'-^-) z (z(i + Mr^ z 

(£,k)eSi^'^^" i<;',k')eS"Y 

Changing the order of summation, we get 

Z { Z Z(i + M)-^( Z l^j'k'l'ff 
< z z (1 + Mr'' Z \a),,,\^ 

j<j'+5 W6Z" (6',A-')eSr^' 

whence getting (|4.5I) . □ 

Remark 4.7. In the proof of Lemma 14. 6[ we have used the following fact. 

For fixed j, the number of Qj'^t which are contained in the dyadic cube 

Qw^ = 2^"% + Qj^k equals to 2"<^+^'"^'\ On the other hand, for any dyadic 

cube Qr with radius r, the number of Qj^^ c Qr equals to (2V)". Then the 

number of Qf^/,' which are contained in the dyadic cube equals 

In the proof of the main lemmas in Sections 7-11, we will use this fact 

again. 

Lemma 4.8. Let Q y ^ be a dyadic cube with radius For w £ U\ denote 
by Q^\- the dyadic cube + Qj^k- If j < f + 2, then 



z z I"}' ,,(*)iivf ,„(*)i(i + \2^'~'k' - kir'^d + \k' - k"\r 
< z (1 + ki)-^(i + iw - w'\r^T^^''^^^^-^'^ 

(4.6) w.w'eZ" 

( z \uiA'wY( z iv}V(^)i')'- 



60 PENGTAO LI, JIE XIAO, AND QIXIANG YANG 

Proof. Applying Holder's inequality to k and k' respectively, we obtain, by 

< (1 + Mr^(i + iw-w'ir^ 2 w.,,,{s)\{\ + \v~^'k' -k\r'' 
x[ z ¥i^,m'(\^\k' -k"\r''\ 

< z (1 + Hr^(i + iw - w'ir^( z {i + 0-^'k' -k\)-'')'''' 



(.v)l" 



x( z z z (feS-]^ 

< Z (1 + kD'^^Ci + \w- w'|)-^2"^^"-^'>^'-|) 
x( Z 2: lv},V(^)Ff, 

whence reaching (|4.6I) . □ 

5. Proof of the main theorem 

By Picard's contraction principle and Theorems I3.8I & 13.91 it is enough 
to verify that the bilinear operator 

B{u, v) = e-('--')(-A/pV • (m ® v)ds 

is bounded from (Bjl^^,,,,)" x (Bj^.^,,)" to (Bj,;^^^,)". To do so, let 

and 

B„,j.(,u,v)=RiR, f^e-''-'^^-^^^(,uv)ds. 
We need to prove that all Bj{u,v), Bij>j»(u,v) axe bounded from Bj^'^^^"^^, x 
1B;;2v«' to IB . Because i?. , /' = 1 , • • • , n are bounded on B we 
only consider the boundedness of v). By (14.11) . if 

u(t,x)= 2 m}^(0O^^(x) and v(t,x)= 2 v}^(0O}^(x), 

then 

5 

Bi(u,v)(t,x) = 2 v)(?, jc), 
1=1 

where the terms I'liu, v)(t, x), i = 1 , 2, • • • , 5 are defined in Subsection 4. 1 . 

It is easy to see that the argument for I^(u,v)(t,x) is similar to that for 
//(m, v)(t, x). Also the treatments of I^{u, v)(t, x) and lf(u, v){t, x) are similar 
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to that of lf(u, v){t, x). So, we are only required to show that the following 
functions 

a, x) ^ Ijiu, v)(t, x)= 2 a' (tW (x) 

and 

it, X) ^ Ifiu, v){t, x)= Z b%m),{x) 

belong to ^^p'J^^j,,^,- By the decompositions of non-linear terms obtained in 
Subsection 4.1, it is equivalent to prove that the following functions 

(t,x)^ 2 a%(t)(f>' (x), i=\, 2,3, 4 

and 

{t,x)^ 2 b%{t)(p]i<,x),i=\,2,X4,5, 

{e,j,k)e\„ ■'' 

are members of ^'^p'Jl^,„,- The demonstration will be concluded by proving 
the following five lemmas under the conditions of Theorem 10.11 

Lemma 5.1. If(j3, p, q, yi, 72, m') satisfies the conditions ofTheorem \0.1\ 

and u,v £ EpJ^y^.m" 

(i) For i= 1,2,3, the function (t, x) ^ 2 a%(t)(^'(x) is in B^'/,^;^; 

(e,;,i)eA„ ^' 

(ii) For i= 1,2,3, the function (t, x) ^ 2 a%{t)^'(x) is in ^l''J^;"'; 

(iii) The function (t, x) ^ Z af^i^W (x) is in B^Jf n ^l^'J^f ■ 

(e,y,*:)eA„ 

Lemma 5.2. If(fi, p, q, 71, 72. satisfies the conditions ofTheorem \0.1\ 

and u,v £ Bj^'^^^ then the functions 

{t,x)^ Z b%(tWa(x), i = 1,2,3 

^re in Bj^-^/. 

Lemma 5.3. If(j3, p, q, 71, 72, m, m') satisfies the conditions ofTheorem \0.1\ 
and u,v £ Bj|^'^^^^„ then the functions 

(t,x)^ 2 b%m)^(x), i = 1,2,3 

are in W^^^fK 

Lemma 5.4. Ififi, p, q, 71, 72, m, m') satisfies the conditions ofTheorem \0.1\ 
and u,v £ ^'''p'J^,„>, then the functions 



\t,x)^ Z bf^itW.^ix); 

{£j,k)eA„ 



(t,x)^ 2 bf,(tWa(x), 

(£,j,k)eA„ 
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are in Wp'jj'^^" . 
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Lemma 5.5. Ififi, p, q, yuji, tn, m') satisfies the conditions ofTheorem \0.1\ 



andu,v 6 Bp^^^„/, then the functions 



{t,x)^ 2 b':l{tW:^{x)- 

{£,j.k)eA„ 



are in B 



p,q,m' ' 



6. Proof of Lemma [511 

6.L The setting (i). According to the relation between 2~^j^ and t, we di- 
vide the proof into three cases. 
Case 6.1: 



(t,x)^ Z afkmi,(x) is in B^;,^'^ 



p,q,m 



For simplicity, we assume 



1. 



Because v e W'yi^,, one has v 6 Bl,'"^' c B^'J\ Hence 

p,q,m,m^ — ,00 U,oo 



V;, 



and consequently, by (i) of Lemma l4.1[ 



^' \j-r\<2,',k',k" ^ ' 

xe-^^22^^(l + \2J-J'k' - k\)-^il + \V-i'^^k" - k\)-^]ds 
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Notice that \ j - f\ < 2. So, applying Holder's inequality to k' we get 

(1 + \y'j'k' - k\)-''[ ff'' \u'j:,^,is)\s^^~'dsy{t2^j''rf. 
By p > 2m'/?, j ~ / and Holder's inequality, we have 

U, 2-1-2//? 1 1 \P 

U ,2-1-2//? , , \ / ^2^1-2/^ /I m'x / , \P-1 

Hence by the inequality (14.21) . we get 

7>max{-log2r,-l!^| (e,<:)e5i! 

z (1 + iwir^2-p^- z X i4',,(^)i''(*22//')'«'fa22^^rK 

'^sZ" (6',A-')eS"y' 



Subcase 6.1.1: ^ < p. By the a-triangle inequality, we obtain 

40 < z 2^^^'(^'"^^) z(i + m; 

i>max|-log2r,-l:f^| ^^Z" 
„2-i-2//? -2 



[ z X""^ \u';^,,{s)ns2^J'''r''^Y 

^ llMlljgri.ya.'i' ^ 1- 

Subcase 6.1.2: q > p. Holder's inequality implies that 

I'nit) < Z 2^J(y^^i-i^^ 2 (1 + IM)-'' 

I , —i^u 



;>max{-log2r,-ifI) 

2-1-2//3 



[ Z X''"''l"/,^'(*)l''("22//^)'«'f]' 

(e',<:')esr-'' 
^ l|M||TOyi.y2.'»' ^ 1- 
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Case 6.2: 

(t,x)^ 2 a)^lm%ix) is in m^-J^;/. 



Thanks to 



we have 



I p,g,m,m' ' 

[71-72 = 1-2A 



iv;,.3,,,(.)i<5^-'2-'^, 



and consequently, by (ii) of Lemma |4?T1 

\j-j'\<2e',k''^ ^'^ 

Hence, by the above estimate of \a^jl{t)\ and \ j - /| < 2, we get 



4(0= le.i^-' z z \af,(mt2'^'')"f 



y>max{-log2r,-i^} (e,<:)e5,' 



y>max{-log2r,-i^| (e,*:)e5i! 
\j-j'\<2 £',k' 



Write 



=( Z jj.-^,, I"! ,,(^)l(l + \y-^'k' - k\)-''s^r'dsf. 

e' ,k' 

Firstly, we assume t > r^^. By Holder's inequality, we have 

Aj^k < Z (1 + \2^'-^k' - k\r''( J^t^/, \u'^:^,,is)\s^^-'dsf 

e' ,k' 

< z (i + Mr''(xL/, z \u'',,{sWs''^ds) 

\,v(=-1P „ II-' i' 
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The above estimate yields 



2 [ Z 2PJ2-Pj'2^f^J"e~''^~'\t2'^J>^y" 



Because u e B^^^^^^/, one has 



Thus 



j>max{-log2r, — ^] 

q 



972 



< 1, 



;>max|-log2r, — ^ 



where we have used the assumption t > r-^. 

Secondly, we assume t < r^^. A combination of Holder's inequality and 
(|42l ) implies 

Aj,k < Z (1 + \2j'^'k' - J^t^/, 



Vi;f=7^" , .... „ ir f' 

This in turn gives 



972 g 

;■>- log, r 



4(0 < IQrl"^''' Z 2'^^(^'-^^) 



[ z a + ki)-^ z , /2t2/, i4;,,(^)px^22//^rf ]^ 
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Subcase 6.2.1: q < p.By the a-triangle inequality, we have 

4(0 < 2 (1 + Mr "^121 "^"^ Z 2fj^'^^-p 

weZ" j>- log2 r 

< INI < 1. 



Subcase 6.2.2: q > p. Holder's inequality implies that 



H'SZ" ;•>- log, r 



(e',<:')6S 
^ l|M||jgyi.y2."/ < 1. 



Case 6.3 



Z ^•f(0O';,(x) is in B]"'^^'^ 



Because v e ^^pg^„,„, c Bo^^^' similarly have, by (iii) of Lemma 14. 11 

^f(0l<2T+i ;^ 2 £|l4',,(^)l|vO ,„(*)l 

■'• \j~j'\<2(;',k',k" 2 ^ ' 

X e-f('--^)2'^''(i + \2}-fk' - k\r^(\ + \2j~j'^^k" - k\)-^]ds 



<2j Z f!\u''i^M\e-'^'~'^^'''{l + \2j-j'k'-k\)-^s^fi~^ds. 

\j-j'\<2£'.k'.k" 2 ' 



The above estimate for \a^jl{t)\ implies 

4(0 = ie#^' z r^^y^-i-i^\ 2 \a':int2^^py-Y 



y>max{-log2r,-^| (e,/:)e5,' 

<ie.i'^"' z 2^^'(^'-^^^^)[ z 2^'" Z 

( L ; I J J/ I, 



( Z {',W',{s)\e-'^*-'^'-''\\ + |2^-//t' - k\r''s^r'ds]\t2''iPy4' . 

Applying Holder's inequality on k' and s respectively, we can get 

( Z r I"'' ,X*)k"'-'"'^^''''(l + 12^"^"^' - k\)-^s^P'UsY 

< Z (1 + W'^'^' - C l"< Usye-'^'-'^^'^'s^p-^dsY 

< Z (1 + \2j'j'k' - kir^'l [! W' ,,(5)|^e-'<'-^)22'^'"f ) 

e',k' \J-_ 1 ,K , I 

where we have used \i - i'\ < 2. 
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On the other hand, it is easy to derive 



where {2[5 - \)p > 2/3{l - m). Hence by the inequality (14.21) . we can obtain 

y>max|-log,r,-!^| ly-/l<2 ^ weZ" 

;>max|-log,r,-l:fI) l;-/l<2 ^ weZ" 



Because u e WJ'J^'' it follows that 



p,q,m 



(<;',k')eS ]'■-'' 

Since P > \, one has ^ < P- Consequently, we get 

lUt) < z (1 + iwi)-'"' z 2'?^■^''■-^^?) z 



< Z (1 + Z [(?22^^)* 

;>maxj-log,r,-ii^) 

1 



-{p-l)-l]l 



X 



< Z (1 + Z (tl^Jf^f^rP^" 

;>max(-log,r,-l^| 

< 1. 

6.2. The setting (ii). To prove that for each / = 1, 2, 3 the function 

it, x)^ z is in B];;^^-^" 



we consider three cases. 
Case 6.4: 
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By V e ]Bj;^^'„ ,„M we get, by (i) of LemmaSH 

\j-j'\<2<;',k',k" 

xe-''^''\l + \2j-j'k' - k\)-^(l + \2j-j'^^k" - k\)-^ds] 
\j-r\<2,',k'-^° 

whence obtaining 

\i~i'\<2 £',k' 

Applying Holder's inequality to k' and s respectively, as well as (|4.2I ) and 
\j - j'\ < 2, we find 



( Z (1 + \2^'~^'k' - kir"" ff'' \u'^:,,Xs)\s^~'dsf 

£' ,k' 




whence reaching 

4. < 12.1— Z 2^^(^'-H)[ 2(i + Mr^Xi2^^^"^''^" 

;■>- log2 r weZ" 

z 2-jp( 2 X'""'''i4;,,(5)i''(522^^)'"'^)(?22^^rf]'. 

(£,k)eS{- (e',k')eS'jf 

The rest of the proof is divided into two subcases. 
Subcase 6.4.1: q < p. By changing variables, we find 

f^2j,e-"^''\t2^'''rf < fe-^'u'"^ < 1, 
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thereby getting 



weZ" j>- logj /■ 

< ||M||Tgri.r2."'- 

Subcase: 6.4.2: q > p. Applying Holder's inequality for w and | > 1> 



we similarly have 

weZ" j>~ logj r 



|jgyi.r2.'<'. 

Case 6.5: 



' p.qjn' 



{t, x)^ Z a :lm%(.x) is in B^',^?;'". 
For this, by (ii) of Lemma 1431 we have 

\j-j'\<2£',k',k" 

X g-^'^^'^'Cl + |2-'--''A:' - k\)-^(l + |2-'-^"+3r - k\r^]ds 

\j~j'\<2,',k'^^ 

This last estimate, along with the Holder inequality on k', implies 



j^-iog.r {€,k)eSi 

z z (1 + i2^'-^"-t' - /2t2/, I"}; ,„(^)i^^'V^fa22^^r f 

|;-/l^2e',i' 
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Using Holder's inequality once again, we have 
whence producing 

Subcase: 6.5.1: q < p. Because I7' - j'\ < 2, we change the order of 
integration to get 

il < \Qr\^''' z (1 + Mr'? z r^'^'^^-P 

' wsZ" j>- log2 r 

~ I|w||jgri.y2.'", 



where we have used (14.21) and 

Xt./.^'^'''''a22i«rf <i. 

Subcase: 6.5.2: q > p. Similarly, Holder's inequality and the inequality 
(|4i2l) imply 

< z (1 + kir^ z 2'^^'^'''+^^) 

weZ" i>- log2 r 

(6',/t')eSr^' 

< ||M||TOri.y2-"'- 



Case 6.6: 



'IB' 

"-'p.qj' 



it, x)^ Z afitWM) is in ]B^;,3^/". 



Similarly, we have, by (iii) of Lemma 14.1 [ 

^' |;-/|<2 6',*:',^" 5 ^ ^' J ' 

< 2^' Z Z r As)\e~'^'-'^^''\\ + |2^'-/A:' - J^. 
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Hence we can get, by Holder's inequality and \j - j'\ < 2, 

i^-logi'- (e,/t)es; \j-i'\<2E',k' 

Applying Holder's inequality to s yields 



By the above estimate and (14.21) . we deduce 

4 ^ l!2#-' 2 2^^-(^'^^^^ j 2 (1 + M)-^ 

/>-log2r-2 "-weZ" 



2 , ,.„_,,../ 



Subcase 6.6.1: q < p. Changing the order of integration, we have 

weZ" />-log2r-2 

[/;!i,.2, 2 i4\,,(^)P'(r^-^^'-^-^^^^'(^22^^)^-^''-'^f)(^22^^)'"t]'. 

(e',/t')es;.'-^' 

From 2~^^^ < s < r^^ and /3 > ^ it follows readily that 



< (522^^)*"'' < 1' 

Finally we have 

weZ" />-log2r-2 



2^ 2. 

[/2-.0...-1 2 I4',,(.)i-(.22^^rt]' 

(e',A:')eSr^' 



^ l|M||Tr>yi.r2."'- 
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Subcase 6.6.2: q > p. Applying Holder's inequality to w, we have 

' weZ" />- log2 r-2 



(e',/t')esr^ 



v/z y ij'A' ^ .V-,, I " f \ 

weZ" />- log2 r-2 

(e',Ar')eS;.'-^' 
^ II"IItd''i-''2-"'- 

6.3. The setting (iii). The proof of that the function 

{t, x)^ Z ajt(tW (x) is in Bl'f'" f] B]:^;"" 

is divided into two parts. 
Case 6.7: 

(t, x)^ Z a:l(tW (x) is in Bj/f 
For this case we have, by (iv) of Lemma |4?T1 

l<(0l<2¥-^- z z 5;,[\uiA^)\\v%,,,{s)\ 

^' \j-r\<2e',k',k" 

^2^' z z Ci4'^(*)k''^'"'^2''''(i + i2^'-^''/t'-/tir^5^~'j5. 



1 



The above estimate and (14.21) imply that 

< IQA-^''' Z 2*^'(^'^5-^n Z 2wj 2 Z 

< IQA-^''' Z 2''^'-^^^'i-f'H2Pj 2 2(1 + 

_ log, ,<;•<- |;-/l<2weZ" 

By Holder's inequality, we get 
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So 

972 _ 9 



Subcase 6.7.1: q> p.By Holder's inequality, we have 



Applying Holder's inequality again, we have 



e',k' 



< 



< ||M||TRri.>'2."- 



Because < 1, one has 2^^ < t -p . This in turn gives 

z r*r''(i-i-^^^-n/;(z i4',,(*)n'^^^"'"^'"^*] 

|y-/|<2 e',/:' 
< ||M||jgy„r2."2^^?ir''^^''^^^"V^^~'^^^^^^ 

Subcase 6.7.2: ^ < p. We have 

4(0 < z 2'^^(^'-^p 

[z(i + Mr^ z 2^> z (/Ji4',,(^)i^^"'^*)n'. 

weZ'- |y-/|<2 (e',k')es::-'' 

Because t < and < m' < min{l, ^}, Holder's inequality implies 



< 2-^(/'-2/^'"')(/;iMj;,,(^)i^^'"'t). 
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Finally, we obtain 

j>- log2 r iveZ" 
< ||M||TOyi.r2.'»'- 

Case 6.8: 

(t,x)^ Z a;i(0O^,W is in B;-^^ 
Similarly, we can get 

^\Q^-^ Z 2-•(--^P{/f^- z [ Z Z/;i4'.Wl 

^-ra-,v)22./^(l + \2j-j'k' -k\r''s^^-'dsf(t2^}f'r'fY 

<ie#"' z 2'"(^'^^^)[x'""2^^- z zd + M)-'^ 

i>-log2r l7-/|<2weZ'' 

z (/;i4;,,(5)i^*-'^^fa22^^r'f]', 

where we have used (14.21 ) and Holder's inequality on k' and j'. 

Choosing a constant fx such that m'+/)-l-^ < pju < p - 1, v/e use 
Holder's inequality to get 

whence reaching 

4^ IG.I^-^ Z 2^^-(-'^i-^^>[/f"2''^- Z Zd + H)-^ 

y>-log2r |7-/|<2weZ" 

(e',yt')e5r^'' 
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Subcase 6.8.1: q < p.By the a-triangle inequality, we have 

weZ" y>-log2r \j-f\<2 

weZ" 7>-log2r 17-/1^2 

[ f z *^^^^''( X' 22"'//^f"'+p-^pf ) J5] ' . 

(e',A:')eS"''-'' 

It is easy to see that 

Because sl'^-''^ < 1 and m'+/)-l-^< pju, one has 
Finally, we obtain 

weZ" />-log2r,v 

[ Jo'"''"'' z , ii^};,,(^)i^(^22//')i^^""^"'^f ]' 

^ llwlljgn.n-'" + l|M||-jgri,r2.'v. 



p,q,nr 



Subcase 6.8.2: ^ > p. By Holder's inequality, we have 

Iq, ^ z \Qrf^'k^ + Mr" z 2^^''(^'"^^) 

weZ" 7>- log2 r„ 

[ r"''"'' z i^};,,(^)i''(^22//')i-^-"^'"^^]' 

(e',<:')e5r^' 
^ I|m|Itr''i-i'2-"' + l|w||TOri.r2-"'- 



7. Proof OF Lemma [5]2] 

7.1. The setting 1 < p < 2. We divide the proof into three cases. 
Case 7.1: Under 1 <p<2, 

it,x)^ Z ^^'^WO^.W isin Bp^^-^. 
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For this case, if sl'^^'P < 1, then by v 6 By'''';' „, c Bir^' we have 

' — ' p,q,m,m 

\v'j,\„(s)\ < 2-^5+^'^^2)/_ By (i) of Lemma 14:21 we get 

■' j<i' +1 e,k' ,€" ,k" 

e-"^^'\l + \V-^'k' - k\)-^{\ + \V-^"k" - k\y^]ds 



-1-221' p 



I' -I- / <r' Ir' a" 1-" 



IP-I 



y</+2 £',k',£",k" 

\vf ,^„{s)tP{l + \2}-j'k' - k\r^il + \2j~j"k" - k\r^]ds. 
Applying (I4.4D and Holder's inequality for s, we get 
\b%it)\ 

< IT+Je-''^''' 2 Z (1 + Iw'|)-^(1 + |w|)-^2-(2-p)(fn,-72)/ 

j<j'+2 w,w'eZ" 

f '( z i4',,,(^)i'f ( z \v^;:Asrfds 

< Ti^i^'^^" 2 Z (1 + Iw'l)^^(l + |w|)-^2-(2-/')(f+r.-r2)/ 



{e',k')&S'':' 



Because v e B^' , we have 



-) 



Z |v},"^45)|^ < 2-"™^2"''-'"^^'^5-j 

and 



(e",k")eS- 



Consequently, 



< 2T+ie-^'22^'' 2 Z 2"<2"P>^t+ri-r2)/ 

weZ" 7</+2 
^'(7. + §-f)o^2//^l(l-iV r'"^''^ 



< 2T+ie-^'22^''2^'^""''''^2^^'"p^ Z (1 + Z 2"<2"''^^5+ri-72)/ 

iveZ" y</+2 



Let 
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This in turn yields 

;>max{- logj r- 1^ | (£,k)eSi 

< \QA^-^ 2 Tf'J^^-HH 2 [ Z (1 + 

i</+2 

^ \Qr\^~'' Z 2^^'^^''"5-f)2T^+'?^2'?^'(-"+pr2)(i-^) 

y>max{-log2 '■-^^1 

I Z (1 + Iw^l)"^ Z f Z 2~(2~''^^5+^i~^2)/2-/(ri+f-p(/'-i) 

By Holder's inequality, we have, for any 6 > 0, 

r 2 2-<2-p)(f+7,-r2)/2-/(ri+f-p(P-i)2-2mi-i)^.T 

< 2 2''^-'""-''^2"''(2"'')^5+ri-r2)/2-p/(>'i+§-?)(P-i)2"2^"'®(^"^U^,. 
y</+2 ^' 

On the other hand, since < 5 < l^^"^//? ^nd m' < 1, one has {sl'^j'f^y''"' < 
1. This implies 

< 2-2//^ X 2: i4',,(5)F'(^22//^)'"'^, 

and then 

^ IQrl^"^ Z 2^^'^^'^5-f)2T^+'?i2^-''(-™>(i4) 

I 2] 1 2 ^ 2''^-'""-''^2^P(2"''^<5+^'"^2)/2-w'(y'+f-p(P-i) 



I' 
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Subcase 7.1.1: q<p. For py2 + 2-2/3 > 0, takeO < 6 < p(py2 + 2-2/3). 
By the or-triangle inequality, we get 

i>{-log2r, — 

2 2^^2"«^^~''^(5+ri-r2)/2-?/(ri+§-^)(p-i)2-29//3 
i</+2 

(e',Ar')eS;.'-^' 
^ l|M||Tr>n.r2.'i'- 

Subcase 7.1.2: q > p.By Holder's inequality, we get 

<\Qr\'^-'' Z + z f z 2(/- 

weZ" , I iog9»i /</'+2 

y>max{-log2r, — ^} 

X( 2 2(^""^'^f''"(P>'2+2-2y8)]2''-'"<^' + 5-^) 

y</+2 



p 



z i4;,,w(^22//^)'"t)'} 

(e',jt')e5"-^' 



^ l|K||TRri.r2'>'- 



Case 7.2: Under 1 < < 2, 



(e,y,A:)eA„ ^' 
r2/? 



At first, we assume t > r ^ . For simplicity, suppose 

||M||jgyi.r2 ^ = ||v||jgri.r2 ^ = 1. 



jf 2-1-20" +2)/j < 5 < then by v 6 W.^^ we get 

iv};;,„(^)i<2-<?^^-^^^'?)^-?. 
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Using (14.41) . Holder's inequality and (ii) of Lemma I4.2[ we can estimate 



\bfM)\ as follows. 



X ^-'"(2-p)e-«22^^(i + \2J'fk' - k\)-^(l + \k' - k"\)-^]ds 

j<j'+2 w,w'eZ" 

J"-— / I \~/ // \~T {1—p)m 



Now we estimate the term Z yt'('^)l''- Notice that j < f +2 implies 
s > If 5 > 2~^fP, then by m 6 IBj^;^^,;/ we have 

On the other hand, if 2'^'^^'^ < s < 2-2^'^, by the definition of Bj^l^^' ", we 
still have 

2 |m},\,(^)I'' ^ 2P^^j'"j2'P^'^^'^'^'p^ 

< 2P'''^^~"^2'''^'^^'*^~'p\s2^^'^y"\ 
Similarly, for v, we can also get 

Z |vC^„(>^)P' ^ 2^'^27-«;2-w'(ri+f-p(-^22/'^)^"'. 



The above estimates yields 



|Mf (01 < 2T+ie-'2^^'' 2 Z (1 + Iw|)-^(1 + |w'|)-^2-(2-'')^^^'-^^"^)^" 

y</+2w,vv'eZ" 

X [ lt2(/.2), 2''^2^'-"^2-P^"(^'+5-^^^5-^(522//^)-"W5] 

< 2"T+./'+P>'2./e-cf22j?' 

X ( Z 2"*^"''^^5+ri-r2+2^)/2-2/y3m2"^''^^^'^5-};)2'^2/y8(i-f )\ 

< 2-T-i+2y8ie-c«22^''^ 



where we have used pY2 + 2 - 2/3 > 0. 
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Finally, we can get, by py2 < n. 



■ (e,k)eSi 

< \Qr\- 







y>max{- log2 








y>max{- log2 r,- 


2/3 ' 




2^Ari+f- 


y>max{- log2 r,- 


log2 ' 1 
2/3 1 







< \Qr\- 

;>max{-log2 r,--^] 



< \Qr\" Z r^a22i/')T+^e-'2^^'' < 1, 

;>max{-log2 r, — ^] 

where we have used t > r^^. 

Next, we consider the case t < r^^. Similarly, because v e IB™^", one 
gets 

|v};V(5)l < 2-(5+ri-r2+^)/^-f < 2-/(?+ri-r2)_ 
An application of Holder's inequality and (ii) of Lemma l4.2l gives 

^ 2^-^ z z z xtz/. ,,(oiiv};;,„(^)i 

X e-"^''\\ + \V'i'k' - k\T^{\ + \k' - k"\r^]ds 
< 2T+i 2 (1 + |w|)-^(l + |w - w'l)-^ 2 2-(2-/')(§+ri-r2)/ 

w.w'eZ" 7</+2 

1 



< 2T+i Z (1 + k|)-^(l + \w- w'\)-^ 2 2-(2-p)(5+ri-r2)/ 



X 



For sl'^^'P > \, because v 6 B^^;^^^,/ p ]Br^r2,//^ Q^e has 

2 |v<'^„(^)l'' < 2P^2y-«y2-w'(^i+5-p(522//^)- 

(e",<:")eS;;j-^' 
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and 

(£",k")es":[:'' 



The above estimates imply 



weZ" 7</+2 



whence giving 



7>max|-log2r-l^l (e,<:)e5; 

2(1 + 2 2"^2^P>^5+>'i-r2)/2^''P^2-«)(i-^)2-/(ri+f-p(p-i) 

2^2/,(i-i)( 2 ^ 1^;; ,,(^)i^rf^)']'(^22^)"f 



< I2rl^^^ Z 2^^'(P^2+2-2/3) 2: (1 + 

,>max|-log2r,-i^| -^Z" 

X [ Z 2'"(^"''^^5+>''~>'2>^"2~^"^^""5-p2~^-'"^^'"^^ 

(Xl.'. z i.;;,,(.)i^rf.)']'f . 



Let 



By Holder's inequality, we obtain that for any 6 > 0, 

r 2-(2-p)(§+ri-r2)/2-/(^'+f-?)2~^-'"^''"^U-T 

< 2 2''(-'""-''^2~''^^~P^(t+>'i->'2)/2"''-'"^^''^5-p2~^-'"'^^P"^U^, 

7</+2 ■'' 
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It is easy to see that 



The above estimates derive 



2 2''^-'"~-''^2^''^2~P)(^+ri->'2)/2-p/(^i+f-p(^'-i)2"^^-'"''' 
;</+2 



Subcase 7.2.1: q < p. Take < 5 < ;?(jc»y2 + 2 - 2jS). By the a-triangle 
inequality, we obtain 



I'q (t) < \Qr\~~'' Z (1 + \w\y~ Z 2'?^'(^'^2+2-2/3) 

2 2"''^" + 5 " p i)2-2'?//'2-'?(2-p)( f +r 1 -72)/ 

7</+2 

[Xt^/. z ii^};,,(^)i''(^22//^rf]' 

< Z (1 + Iwl)-"^ z 2'^'J'-^n-(py^-^-^'^^^ 

weZ" j<j'+2 

2./(r.H-i-p[ ^^^^ z \u^;^,,is)ns2^^'f'r'if 



(e',i')e5 

^ ( llM||TOri.r2.'" + l|M||Tr>yi.y2 'i']. 
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Subcase 7.2.2: q> p. Under this, we have 



172 _ I 



76 < y la-l " " y j2P7(pr2+2-2/3) 

2] 2''(-'" -i) 2-P(2-/')( I +r 1 -r2 )/ 2-p/ + 1 ^ 1 ) 2"2P-'"'^ 

y</+2 



< y ie,-l " " y I y 9(/-j)[5-p(pr2+2-2/?)] 

~ ^ (l+|vv|)" ^ , 1 ^ 

By Holder's inequality, we have 

122.-1 

4 (0 ^ Z Z ( Z 20'-i)[^-MPr..2-2,)n . 



I ^ 2^^""^')f''"P^^^2+2-2/?)]2'?/(ri+f-p 

j<j'+2 

(6',/t')eS;''-^' 

~ ( I|w|ItD''1-''2-"' "I" II^IItC)''!-)'.-"' )• 

Case 7.3: Under 1 < < 2, 



(,t,x)^ Z M-'WO-^.W isin B^''^^'^ 



(e,y,*:)eA, 

For this case, if j < s < t, then v 6 Bl'^' implies 

Iv};,,(5)| < 2-(^^'-^^)^-'(522^-'^)-^ 
where m > p. Then for we have, by (iii) of Lemma l4.2l 

i<i' +1 €' ,k' ,e" ,k" ^2 ^ ■> ' ' 

X e-('-^>22^''(l + lA: - 2^'-^"A:'|)-^(l + \k' - k"\)-^]ds 
< 2T+i 2 2"^2~''^(2+>''~^2)/ 2 

X (1 + l/t - 2^--''A:'|)-^(l + \k' - k"\)-^]ds. 
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Applying (14.41) . we obtain 



X (1 + |yt - 2-'-^'yt'i)-^(i + \k' - k"\r^]ds 

<2t+J V ! V 2-(2-pXT+7i-r2)/Cf22//?r^ 

1 



where we have used Holder's inequality again. 
Because v e ]B^|^y,f , if * > 2"^^^, we have 



Z Iv},"^„(*)l'' ^ 2P^2i-"y2"^^"^5+ri-^)(^22/^)- 

(e",<:")e5j^-^' 



From I < i' < nt follows that 



This in turn implies 



J.* 

£-1 



< 2T+^2^''^2i-«;)(i-7;) 2] (1 + iwl)-^ 2 2~^2-rt<3+>''~^2)/^^ 

vveZ" J</+2 
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Consequently, 



y>max{- log2 (£,k)eSi 



[2 2 (1 + |w|)-^2-[5+^'+''2(P-2)]/2^ 

;</+2 weZ" 



For any 5 > 0, we use (14.51) to get 



y>max{-log2 r,--!^) 
y</+2 WEZ" (e',<:')e5r^' 

Subcase 7.3.1: q < p. By the a-triangle inequality, we have 

il it) < z (1 + iMv'-^ z 2^^^■(^'"^P 

2-^+.yy+^(p-i)r2y+2;;z ^ 2^2-^[^^'+(p-2>^2]^''2'^ 
y'i;/+2 



(e'./tOeS"'- 

< \Qr\^~~' Z (1 + \W\T~ Z 2^"[^^2+2(l-/?)] 

'^'"2" y>maxj-log2n-^i 

2] 2^^2-^^"[2>'i+(p-2)y2]2«/(>''+5-p 

7>/+2 

[j;'^-a-.)2^^/' Z l^};,,(5)|^rf.]'a22//^)-Tr^(^22i^)T 
Because u 6 B^J^^^^/, for a fixed / we have 

(e',A:')eS"''^' 
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This in turn implies 

qN 



;>max{-log2r,-ifI) 

2] 2^^2-'?^ ^^y^+(p-2)y2]tP(t2^-j/^y—t—(^t2^j/i)T 

qN 

i</+2 

< 2 2'/^'[/'^2+2(l-/J)] 

y>max{-log2 t-^-] 



2^^2~''J lpy2+2(\-m2^iPO -J^2 — p — Ut2^J'^)^^ 

j<j'+2 ' 

2 (t2^j^)^ 2 2'''-j''j'^^'''>''^^''^''^^~^^'^''T-~^\ 



Because m > p and ^2^^^ > 1, we have 



{ti^ip)— < 1. 

Notice that py2 + 2-2fi> 0. If 



7>max{-log2r, — j^} 



we can obtain 



0<6 <py2 + 2{l-fi)-2/3+ — , 



^ llMlljgn-n.' + I|m|| 



Subcase 7.3.2: q > p. By Holder's inequality, we get 

- 'Z" . , , log?', 

_7>max|-log2r, — ^| 

2 2''(/-^-)2-p/[''^^+2(i-2/j)]Jj;'g-a-.v)2^^^ 2 |i/};,„(^)l^rf^] 



(r22//^)-'f ^^(r22^^)T. 



Because 



(e',i;')eSr^' 
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we have 

weZ" ^^■^'"'1^ iog2f, ^ /</'+2 

7>max{-log2)-, — ^] J -J 



2-?/ [pr2 +2(1-2/?)] f(j2'^rPym p 



^ ll"llTOri-y2-' + llMllron.n-"- 

7.2. The setting 2 < p < oo. We also divide the proof into three parts. 
Case 7.4: Under 2 < p < oo, 

{t,x)^ 2 is in B;^-^'^ 

(6j,A:)EA„ 

By (i) of Lemma |4.21 we apply Holder's inequality and ( 14.61) to see 

j<j'+2 e'Jc' e" ,k" 

(1 + |2^"^"/t' - k\)-^{l + \k' - k"\)-^]ds 

w,w'eZ" i</+2 
(e',A-')eSj/ (6",<:")eSj,-' 

<2T^Je-''^"" 2 (l + Mr^d+lw-w'ir^ 2 2"(^""^')(^-f> 

w,w'eZ" j<j'+2 

(Jo z \u),m'ds)"[i ds) 

[e"r)esy' 

Because < ^ < 2-^-^^'^, v e implies 

(6",;c")e5;;-'' 

This in turn implies 

{£",k")eSj'/ 
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■'' weZ" j<j'+2 

Using the above estimate, we obtain 

;>max{- log, r- 1^ ) (e,k)eSi 
< \QrV^-'' Z 2'^^(^'^^^^){ Z [2¥-V^'2^^ 

Z (1 + z r^i'-i^^H^T^ri'^-l^ii^^-T^T^'^y^^i-i^ 

weZ" i</+2 

y>max|-log2r,-l^| 

I z e^^p'^'^ti^^^r z z 2"^^-'-^-)^>-i)2-^"^(2-^) 

Thanks to < 5 < 2"^"^^'^ and m' < 1, one gets 
Jo Z \uYA^Wds 

9-1-2//3 

Also, for any < 5 < (71 + 72 + 1), we have 

iiit)< z ^ ^ 2'^^-(^'^^^^^--t> 

y>max{-log2 '■,-^^} 

I Z (1 + kl)^'^ Z 2<''+P""2")(^""^'^2"^^"^'^P"2^2~^^"^^''"5-p 

^weZ" j<j'+2 



2-'j'i£ z iw};,,(^)P'(^22//^)'"'t])"- 

(e',<:')eSr^' 
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Subcase 7.4.1: q < p. The a-triangle inequality implies 

i</+2 

(e',/:')6S,"-^' 

< le.!"?"" z (1 + iwi)-"^ z z 2^(f-'''-^-i)(^"-^') 



^ l|M||jgn.y2./v. 



Subcase 7.4.2: q> p.'Qy Holder's inequality, we obtain 



4« 



7>max{-log2r, — 



[Jo'"""' z i4;,,(^)i^(^22//'r'?])' 
^ z z ( z 2'^^/-)^!-—))'^ 

weZ" , , tog2', /<;'+2 

I X 2^-'"^-''^t''~''^^'+^-'^^^^2^-'''^^'^^-};) 
;</+2 

[Jo z i4',,,(^)i^(^22^"^r't]^) 

(e',<:')e5r^' 

~ ll^lljg'>'l->'2.'^- 



Case 7.5: Under 2 < p < oo. 



Without loss of generality, we may assume 



|M||Tr)ri.r2 = llvllTpri-n = 1. 
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Suppose firstly t > r^^. We have, using (14.61) and (ii) of Lemma l4!2l 



mi(t)\< Ti^ifT^'^" 2 (i + |wir^(i + |w-w'ir^ z 2 

w,w'e'ZI' ;</+2 

Due to 



for 2~^~^^'^ < 5 < I we have 
and 



Notice that 71 + 72 + 1 > is equivalent to 71 > -jS. So, we have 

\b':l{t)\ < 2T+Je~''^'' 2 2"^j'~j^^^-^2Py'j-"j2-Pj'^y'^'i--p^^ 

y</+2 

<- 2-T2-''(2r2-2ri-2/3+i)g-cf22^''_ 



The above estimate implies 
4< 



< la-l^"^ Z 2'^^'^^'^^-^;)[(2V)"2W^2/S-l-§)^-ctf^^(^22^^)»,]p 

y>max{-log2;-,-ii^^l 

<ie.i^ z _ r^a22^^)^e-2^^''a22^^)T 

y>max{-log2 '-,--^1 

< 1, 



where we have used t > r 
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Suppose secondly t < r^^. Similarly, we can obtain, by (ii) of Lemma 
ESI 



\bfM)\<2T^je-''^''' 2 (1 + Hr^(i + iw-w'ir^ z r^j'~j^('~7^ 



w,w'eZ" j<j'+2 



ds 



< 2t+V-^'2^"' 2(1 + \w\T^{l + \w- w'l)-^ 

w,w'eZ" 



(£",k")eS'j'/ 

< iT^ie-''^''' Z (1 + Iw|)-^(1 + \w- w'\)-^ 



1 > 



X z jvj:,„(.)i^(.22^'Tt)^ 



(e",/:")eSjj-^ 



Since V 6 W;^^" R B^lSf, we have 



£,-2/, Z |v};',„(^)P^(*22//^)"'f 

(6",/c")e5;^-^' 

2^ 

< £2/, Z |vf,„(^)|^(^22//^)'"f 

+ z iv^;;,„(^)F'(^22//^)'"'^ 

(6",<:")eSj^'-'' 

< 2'^^2y-"i-p/(ri+f-j) 



whence getting 



IZ^JCOI < Ti^jV'i-Te-'<^" 2(1 + Z 2"(^''-^')(i-|) 



y</+2 



2-2/^2-^'(^'^^^^^( XL./, z , i^^^; ,,(^)i''(^22//^rf )^ 
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By Holder's inequality, we have for any 6 > 0, 



y>max{- log, '•,-■^1 (£,k)eSi 

W^+j^-ctiVP (1 + |^|^_;v2«(/-y)(i-|)2-2//32r2i-^2-^"(^'+5-i^) 

;>max{-log2 '■,-■'^1 

{2(1 + Z 2''(^"-^'^2"(^"-^'^(''-2)2-2w'/J2-/'/(ri+f-j) 



(e',*:')e5;' 



Subcase 7.5.1: q < p. Take < 5 < yi + 72 + 1- By the a-triangle 
inequality, we get 



4(0 ^ \Qr[^~'' Z 2''^'('''^^^^^-^"-t) 

7>max{ - log2 r,- | 

Z(1 + M)"T 2 2^2 — p 2-2''//'2-''^ ^^'+5-) 

weZ" j<j'+2 

[ z , ii^};,,(*)F^(*22//^)"'f ]' 

(e',A-')eS"'-^'' 
qyn q ciN 

< \Qr\-'-' Z (1 + M)"- Z 

y>max|-log2r,-!y) 

2 2'^^-'"~-''^ff"^^'"^^''"^^^2'""^^"'^"p^ 

7</+2 

[ it^/, z w;^^xs)ns2''fpr'-ff 

(6',/t')e5"'-^'' 
^ l|M||Tr>yi.y2.'" + l|M||TOri.y2.'»'- 
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Subcase 7.5.2: q > p. Take < 5 < 71 + 72 + 1- The Holder inequality 
implies 



l+72 + l+n-f ) 



2 2SU'-j)2"(f-Mp-^)2''^P-''f^2~''^'^'^' +72+1+"- 1) 
y</+2 



(e',/t')esr^' 

I ^ 2^-'''"-'''[''"P^^'"^^2+i)]2^/(''i+f"P 

i</+2 

x[Xl2/. Z J<,,(5)|^(.22^'Tt]') 

< ||M||TOri.r2-"' + l|M||TOri.y2.'i'- 

Case 7.6: Under 2 < p < oo, 

^) ^ Z ^','(0O},(x) is in w;:^}^. 

For simplicity, we may once again assume 

||M||Tgyi.r2 = ||v||Tgn.r2 = 1. 

p,q.ni.iii p,q,m,nr 

By (14.61) and (iii) of Lemma I4~2l we get 



y< j'+2 £',k' £".k" 2 



X 



(1 + \2j'j'k' - k\r^(i + \k' - k"\r'^]ds 



<2t+^ 2 (1 + Mr^(l + |w-w'|r^ Z 2' 



Because v e BJ,;^^^'^ fl 1B[,;/^'^^ we have, for | < 5 < f, 

Z |v<'^,„(5)|'' < 2''^2j-";2-p/(yi+!-};>(^2^-'"'^)"'" 

(e",<:")eSjj-^' 

and 
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Consequently, 



The above estimate in turn implies 

fait) = \Q,r~f' 2 Tf'J'^'^^'^^ 2 \bf,(mt2yf^rf 

i>max{-log,r,-l^) (e,*:)eS; 

[2(1 + kl)-^ Z 2-^"<^'^5-^^(?22//')-^ 

7>max{-log2r,-l^) 
weZ" ;</+2 

(J 2 w;,,,{s)\pdsy~\t2^^prY. 

In a similar manner, u e B^l^^^;' f] yields 

2 ^ \u':,^,,(sw < \Qr\'~^2p^"^y'^^-~f'\s2y'^)-'^. 

Because 71+72 + 1 > 0, we have 2pyY + 4myS > 0. Upon taking Q < 5 < 
2p7i + 4m/?, we achieve 

/J (0 < 2(1 + Iwl)-^ 2 [2i[2pr2+2p(l-/5)+(p-2)«] 

2 2^(-'""-'')2"<-'"~-''^<''"2^2"^''-''^^'"^^"p\f2^-'"'^)"^'"(r2^-'^)"'rPp 
y</+2 

< 2] (1 + 2 I 2 2''^"t'''+^2+'+""^+^^2-2^^(p-'") 



iveZ" 7>-!S2i iS^/+2 



2/3 



2<5(/-;)2«(/-;)(p-2)2-p/(2ri+n-7+^)|p(-^22^^)'' 

< 2(i + Mr^ 2 1 2 2(^'-«^'-^fa22^^r(^-^^ 

weZ" iog2' /•</'+2 



< 1, 

where we have used p <m. 
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8. Proof of Lemma [53] 

8.1. The setting 1 < p <2. The argument is split into three cases. 
Case 8.1: Under I <p<2, 

(t, x)^ Z b)'l(tW (x) is in JBl^^^f'. 
Because u and v both belong to Bm for s2^j'^ < 1 we have 

By Holder's inequality, (|4.4I) and (i) of Lemma l4.2l we get 

< 2^^je-c'^^' 2 2 2-(2-/')(f +r.-r2)/ J^''^'''' [|..; ^,(^)| 

j<f+2 e',k',e",k" 

X \v'^',j^„{s)\p-\\ + \i^~^'k' - k\r^{\ + \k' - k"\)-^]ds 

< iT+je-"^''" 2 Z (1 + \w\r^a + |w'|)-^2-(2-p)(i+ri-72)/ 

j<f+2 w,w'eZ" 
(e',*:')es;/ i€".k")eS''^''/ 

Owing to V e By,'/-'", one has 

Z |v},''^„(^)P' ^ 2P^'^'""^'2"^^'^^''"^"^^ afixed /. 

Applying the above estimate, we have 



< 2: 2 (1 + |w|)-^2-(2-p)(f +7.-72)/ 

7</+2 W6Z" 



7</+2 weZ" 
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This last estimate for \b'j'l(t)\ ensures 



j<j'+2 weZ" 

IXi z ^^'^^1 z z (1 + Mr^2[§-i^-¥-(^-^)^-i]^' 
(Jo'""'' z \u^;,M\''dsyf(t2y'^r'if. 

Also, for any 5 > 0, we use (14.51) to derive 

i'q < m"^-'' z 2^^-(^r^-2-2/.)| r^, .--2^^'' z 2^ow) 2 (1 + M^^^ 

qy~i q 

< \Qr\^~~' Z (1 + \W\) Z 2^^'(P^2+2-2/S) 

weZ" ;■>- log2 r 

I r'^ ^-cti^'P (j2Wyn 2 2''<^"~-''^2^"f2'^"''^''"i)^2"''"''^'l2''-'"^^'"'?-p 

+2 

Jo z |i.};,,(^)Px^22//^)f2-2/M)^ 

(e',jt')e5"''^' 

Because sl'^^'l^ < 1 and m' < 1, one has (52^^"'^) < {s!'^^''^)'"' . Note also that 

X'^,e-2^"'a22^^rf <1. 

So, we arrive at 

2P/(ri+f-pj^2-'-^//^ Z |M};,,(^)P'(*22//^)'"'fp. 

(e',i')e5r^' 
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Subcase 8.1.1: ^ </>. By the a-triangle inequality, we have 



/5 < \q/^~j 2 2'^^'(''^2 +2-2/3) ^ 2^^2-'?^"(''^2+2-2^)2'?/(ri+;^-p 

i>-log2r i</+2 



< \Qr\"'' Z Z 2«^^'"^"^^''^2+2^2^"^^2^-'"(^' + 5-p 
7>-log2ry</+2 

[X z l4',,(^)H'(^22//^r'^]^ 

(e',A:')65r'' 



Changing the order of j and /, we find 1^ < I|m||to 

' "-'p.qjn' 

Subcase 8.1.2: q> p.By Holder's inequality, we get 



Iq,.^ \Q,-\^''' Z [ Z 2P(^'-^' )(/'^2+2-2/3-5) 
y>-iog2/- y</+2 

Jo z i4;,,(*)i''(^22//'r'f]" 



7>-log2r ;</+2 

j 2 2''<^'-/)(P>2+2-2/3-5)[j^2-l-2//' ^ |i<^<^^,(^)l"(*22//^)'"'f]'). 



Upon taking < 6 < py2 + 2-2/3 and changing the order of j and /, we 
reach Iq < \\u\\jDn.yi.'v ■ 
Case 8.2: Under I <p<2. 



iUx)^ 2 is in ]B;^„, 



For 5 > 2 ' one has 



iv};;,„(^)i < 2-(^^^^'-^^)^-? 
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This, along with (14.41) and (ii) of Lemma I4.2l yields 



< 2^^j^-ci2vp ^ 2(1+ - k\r^{l + \k' - k"\)- 



j<j'+2 £',k',e",k" 



(e',«:')e5;;/ (e",*:")eSj^-'' 
j<f+2 w,w'eZ" 



(e',«:')e5^ 



Thanks to 



Xtv, z iv};;,„(^)p^(^22//'rf < 2P^2^"^-2-^^"(^'^^^\ 

{£",k")eS".'/ 



an application of Holder's inequality gives 



<2¥+V-2^^'' Z (1 + H)-'^(l + Iw'l)-'^ Z 2-(2-"^(^+2i2+r.-r2)/ 



7</+2 vveZ" 
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By a simple calculation, we have 

7</+2weZ'' 

2-(2-p)[§+^+ri-r2]/2-/(/'-i)(ri+f-p2-^^^^T^ 

< 2^■[^^'+^p-l)^2V'^'22^' 2 2 (1 + iwi)-'^ 

7</+2 weZ" 

Note that Qy^. c 2^ ensures j > - logj r. Thus, for any 5 > 0, the last 
estimate for \b'':l{t)\ and (|431) imply 

2 f Z 2 (1 + Mr^2^"f-^-^'^(2-p),,.f-^] 

;■>- log2 r 

Z Z (1 + |w|)-^2''<-'"-^')2'^-'"f-^-^'-'^2-''>^2+5-^] 

7</+2weZ" 

Because si^^'l^ > ^ and m > p > 1, we get {si^i' I^)p-'^'^ < 1 and 

2-2//;(p-,«) ^ |M^< ,,(*)|^(522//^)'«f p 

< \Q^\^'P 2 2^^'(P''2+2-2/S)| 2 2''(-'""-'')2''^"^^'"^5-^) 

i>-log2r 7</+2 
(e',A:')e5;r-^' 
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Subcase 8.2.1: q < p. Take Q < 6 < py2 + 2-2/3. The or-triangle 
inequality implies 

i>-log2 /■;■</ +2 



{e',k')eSr 



< \\u\ 



p,q,m 



Subcase 8.2.2: q> p. Take < 6 < py2 + 2- 2/3. By Holder's inequality, 
we get 

Iq ^ \Qrf^'^' Z { Z 2P<^'~^")(''^2+2-2/j-a)2P/(ri+f-j) 
y>-iogTr y</+2 

X-ia/. z w;,^,,{s)ns2^rpyiiY 

q-p 

^ \Qr\''^~''' Z ( Z 2P(^'-^")(P^2+2-2/3-5)^ P 
;>-log2r j<j'+2 

~ ll'^lljg>'l-)'2-"'- 



' r.cj.in 



Case 8.3: Under 1 < < 2, 



(^ ^) ^ Z bf^(fW (x) is in B^;,^?;"'. 

{6,y,«:)eA„ 



Since 52^^"^ > 1 and v e Bl''^', one has 



|v)''^„(5)| < 2'^2-j'^^^-T'-\s2^j''^y'f. 
This, via ^ < 5 < f. Holder's inequality and (iii) of Lemma 14. 2 [ derives 

< 2T+i 2 Z (1 + |2^'"^"^' - + W - k"\)-^ 

j<j'+2 £' ,k' ,k" 

< 2T+i' 2 Z (1 + + |w'|)-^2-(2-Mf+ri-r2)/(^22//*)-'^ 

y</+2 w,w'eZ" 

< 2T+i 2 Z (1 + + |w'|)-^2-(2-p)(f+ri-y2)/(,^22//')-'^ 

y'</+2 w.w'eZ" 
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where we have used (14.41) again. 
Because of v e ^^p^^;^"^, one has 



(€",k")eS''' 



This in turn implies 



\b%{t)\ 

< 2T+i 2 Z (1 + |w|)-^2-(2-/'W2+r.-72)/(^22//^)-^ 

;</+2 weZ" 

< 2^'[-5+i+f+(/^-i)r2] 2 2-^^"''^(5+ri-r2)/2-(/'-iXf+7i-f)/ 

7</+2 



By the above estimate and (14.51) . we get that if 5 > then 



<\Qr\'^~'' 2 2^^(^'^^^^{£:^2''^[-^'-^("-')^^] 

i>- log2 r 

2 f 2 (1 + Z 2"(2"''^(5+ri->'2)/2-(/'-iXri+§-p/ 

7>- logT r weZ" 

2-p(2-p){\ +r 1 -72 )/ 2~P^P~ 1 + 5 - ^ )/ (^j2'^j'/Sym2SU'-j) 

j<j'+2 
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Because of ^ < 5 < we have 

(772 *? 

weZ" j>~ log, r 



^ IQrl""^ 2(1+ Im^I)"^ 2 2''-'('^^2+2-2/J) 
weZ" ;■>- log, r 

I 2; 2"''-'"<^>''"^^2+Pr2)2'5(/-i)2^^"^^""5"p) ^'"'^^ t'\t2^j''^) 



y./.2^ ■■■■^ ' " J2-^-'-"--^"'" 



^ \Qr\~~~' 2(1 + 2 I'ii^py^-*^-^!^^ 

weZ" j>- logj r 

j 2: 2-'^/(2y.-2r2+py2)25(/-i)2P^''(^' + ^^)£t2;, 2 l^^-'^X^)!'' 

X [ j'^' e-^M^-.v)22^^^p(^22//')-2'"(?22^^)'"f ](522//')'"f p. 
Taking p < m and 2"^^^ < s < r^^ into account, we can get 

< 2~^-''^'"2^-'^"^2^-'^^'"~P\ 
thereby finding 

177 Q 

ll ^ \Qr\~~~' 2(1+ \w\y^ 2 2'?^'(P^^+2-2/5) 

' weZ" j>- log2 r 

2fl 

r r ^ 2 2''-'''^^'''5-p)2'^(^'-^)2-^^''(/'>'2+2-2y3) 



2 i4',,(^)i^(^22//'rf]^ 



(e',<:')e5r 

Subcase 8.3.1: q < p. Take < ^ < + 2 - 2^6. By the a-triangle 



inequality, we can get 



la. < m"^''' 2 2^(^'-^">(''^^+2-2/3-f)2?/(r,+f-^) 

j>- log2 r 

.2/3 



p.q,m 



where we have changed the order of j and /. 
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Subcase 8.3.2: q > p. For this, we choose < cJ < py2 + 2-2/3. Then, 
Holder's inequality implies 

^' ~ ' j> ~ \og2 r j<j' +2 j<j'+2 

^ l|M||Tp>ri.y2."'- 

This completes the proof of Lemma 15. 3 1 for the case 1 < p < 2. 

8.2. The setting 2 < p < oo. We divide the proof into three cases. 
Case 8.4: Under 2 < p < oo, 

it, x)^ 2 bf^m)^{x) is in W-y^J''. 
For s2^^'^ < 1 , one has 

We can get, by (14. 6|) and (i) of Lemma 1431 

J<J +2 £',k',£".k" 

xe~"^''\\ + \V-}'k' - k\r^(\ + \k' - k"\r^]ds 

<2T+i 2 z (1 + Mr^(i + iw'ir^2"(^"-^'^<^-f^ 



<2T+i 2 z (1 + Mr^(i + iw'ir^2-'^"^<'"?)2"^^""^'^(i-^^ 

y'</+2w,w'eZ" 



Since v e B^''/^'^^ we have 



Z ^ ^ Iv},,,„(*)l'' < 2P^2^-"^2 



{£",k")esy 



and thus 



(X ' Z \v':,[^„(s)\Pdsy < [2^r2y-ny2-P^-'(ri+f-p]p2-ir 

< 2^^^'-'F2~^"^^'+5-^T+f). 
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The last estimate implies 

■'' j<j'+2weZ" 

As a result, we obtain 

y>- log2 r 

( X'""''' z i4',,(^)Prf^)']'a22i/'rf p. 

Also, for any 5 > 0, we have, by m' < 1 and s2^^'^ < 1, 

' j>- log2 r weZ" 

7</+2 

< \Qr\^''' Z (1 + kl)^'^ Z 2'>j^^^'-*^-^^^"-TH X 2(^"-^')(''+''"-2«) 

2-P/(r..f--f.2/.)2-2//.(J^2--//' 2 |^.};,,(^)PX^22//^)'«'f))' 

(e',/t')eS 

vveZ" ;>-log2r j<j'+2 

Subcase 8.4.1: q < p. Take < ^ < 272 + 2 - 2/3 for 71 +72 + 1 > 0. The 
a-triangle inequality implies 

I'o ^ IQrC^'' Z Z l^^J-J'^^^'^'-^'-'^-p 

;>-iog2'-7</+2 



^ l|M||TOyi.r2./v. 

pjjjn' 
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Subcase 8.4.2: q > p. Take Q < 6 < ly2 + 1 - Ifi. We use the Holder 
inequality to get 



7>-log2f- y'</+2 

I 2''^^'"-'"^(2^2+2-2/J-(5)2'?/(ri+f-j) 



(e',A:')e5"-^' 



^ l|M||TO>'i-r2-'»'- 



Case 8.5: Under 2 < p < oo, 

(^ ^) ^ 2 b)lm),{x) is in B^;^35/". 

(<;,j,k)eA„ 

For this, we use (14.61 ) and (ii) of Lemma 14. 2 1 to produce 



<2'-T^je'"^''' Z 2 (1 + Mr'^Cl +|w-w'|)-^2 /' 



/i^-A'o"(/-y')(i-|) 

J- "T I I y \^ J- T I — YV 

j<j'+2 w,w'e'Z" 
(e',<:')eSj/' (e",k")eS"^'' 

< I'i^je-"^"' Z (1 + Iw|)"^(l + \w- w'\)-^ Z 2"^ 

w.vy'eZ" y</+2 

Because m > 1 and p > 2, one has 



On the other hand, when t < r^^, one has 



(e",A:")eSj^--'' 
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So, for any 5 > 0, we obtain 



y'</+2 H-eZ" 

IGrI " '' Z 2^^' ^ " Z (1 + y^\) 

j>- log, r weZ" 

2] 2''<-'''"^'^2"(^''"^')(P~^^2"2p^'''^2"^''^''*^'"'^"p^2''^''^^'"^^-^;^ 
;</+2 

.-^'"2'^'(?22^^)-( Z , IM},; ,,(.)|^(.22//*)'«f )f p 

< 2 2«^'(2r2+2-2/?+«-f )j 2 2^S+pn-2n)U'-j) 

j>-log2r j<j'+2 

2-./(2r..„-|)2P/(r..?-)(^i^ Z , |M};,,(^)l^(^22//^r f)}'- 

(e',<:')e5,"''^' 

Subcase 8.5.1: q < p. TakeO < 6 < />(2y2 + 2-2yS). Using the a-triangle 
inequality, we get 

4< z z 2'^(^'-^'')^2^^-*-2-2^-f) 

;>-log2r7</+2 



„ i' 



(e',*:')e5;-' 
< ||M||Tr>ri.y2-'" + I|m||tp>)'i.}'2.'1'- 



Subcase 8.5.2: q > p. Take Q < 6 < 2y2 + 2-2/3. The Holder's inequality 
implies 



i>-iog2 '-;■</ +2 
{ ^ 2/'(^~-'")(2r2+2-2jS-5)2'?/(ri+f-^;) 

i</+2 

z i4',,,(^)H'(^22//^rf)') 



Case 8.6: Under 2 < < oo. 



(^ ^) ^ Z b^im^) is in ]B^:,3?/". 

{e,j,k)eK„ 
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Similarly, by (|4.6I ) and (iii) of Lemma I4i2l we apply Holder's inequality 
to get 



1^5(01 <2T-^ J z i:{i<.(.)iiv};:,,(.)i 

]<f +2 e' ,k' ,£" .k" 2 

X e-^('-^)2'^''(i + \2j-fk' - k\y^{\ + \k' - k"\)-^]ds 

<2T+i 2 (1 + Mr^(i + iw'ir'v 2 2"^j'~MH^ 

w,w'eZ" j<j'+2 



Because of v e ^]^qm , one gets 



(e",«:")e5];j-^' 



So, for ^ < 5 < we have 



weZ" 7</+2 



108 PENGTAO LI, JIE XIAO, AND QIXIANG YANG 

By the above estimate for \bjl(t)\, we have, for any 6 > 0, 

log, r 

weZ" j<j'+2 

^ (e',it')e5r''"'' 

< \QA-^~' Z (1 + Z 2^J'^''-^'-"'^"-T^ 



weZ" j>- logj r 

I 2'^(-'""^')2"<^""^')<P"2)2"^^^"^^''*"5-p)2^^"^^'''5-p) r'^. (^22^"'^)"^'" 

^ (6',/t')e5;''--''' 

Changing the order of integration, we readily get 
Hence 

il ^ \QrV^~'' Z (1 + W Z 2^^'(2^^-^2-2^^"-t) 

weZ" 7>- log2 r 

r 2 2''<-'""-''^2"<-'""-'')<^''~2)2^''^"^^^'^^"^^^"" ^^2'*^"'^^'"^"^ 

Subcase 8.6.1: ^ < Take < ^ < 272 + 2 - 4^6 + We use 
a-triangle inequality to get 

j>- log2 r j<j' +2 

(e',/t')es;.''-'' 
^ l|i<llTDn.)'2-'" + l|M||TOri.y2.'''- 
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Subcase 8.6.2: q> p. Take < 5 < 272 + 2 - 4;0 + We use Holder's 
inequality to get 

j>-log2r j<f+2 

2 2PU'j' )(2y2 +2-4/?+ ^ -5) in+i-f,) 

2/3 1 
~ llwlljgyi.yT-'" + l|M||jgyi.y2.'i' . 



9. Proof of Lemma [541 

9.1. The setting 1 < p < 2. We divide the argument into two cases. 
Case 9.1: Under 1 < p < 2, 

(t, x)^ 2 b':t{tmAx) is in B^'f 



Since veBj;^^5, ,„„ one gets 

iv};',„(^)i < 2-(5+^'-^^)^". 

By (14.41) . Holder's inequality and (iv) of Lemma 14. 21 we get 
\bf,{t)\ 

]< j'+2 £' ,k' ,e" ,k" 



X (1 + \V~i'k' - k\)-^{l + \k' - k"\)-^]ds 



X (1 + 0-^'k' - k\)-^{\ + \k' - k"\r^]ds 

< 25+-'' 2 2 2-(2-pXf+ri-r2)/(i + |w|)-^(l + \w'\)- 

j<j'+2 w,w'eZ" 

{^',k')eS'^j^ {£",k")eS'j'/ 

For < 5 < 2-2//^, the fact v e Wp''^^'" implies 



This finiteness amounts to 



( 2 < ie.i'"'^2-2''^" 

^ Qj,kCQr ■'' ' 
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that is to say, 



The above estimate yields 

{£",k")eS";'/ 



Consequently, we get 



\b':lit)\ < 2T+i 2 2 (1 + |w|)-^2-(2-p)(§+r.-72)/ 

j<j'+2weZ" 

/'-I 9-2//J i 

< 2-T+i+^+(p-i)r2i 2 2(1 + Iwl)-^ 

7</+2weZ'" 

2-(f ^r.)/2^2(2-/')r^/2-^( Xr'" Z \ui,{sWdsY , 



whence finding 



-log2 r<j<-'-^ 



972 f/ 



- log, r<j< — 



2 2PA^+f,-i+(p-'^^y2'i 
[ Z (1 + kl)"^ Z 2-(5+^')^^'2"^"<i-i^2(2-/')r2/ 



7</+2 
„2-2//i 



972 _ 9 



< \Qr\~~~^ 



29i(ri+f-^)2'/i[i+^-f+(p-i)y2] 



- log, r<;< — 5^ 



Z [ Z (1 + \w\T^ Z 2-(5+^i)^"2"-'"(^-i^2(2-/')r2/ 

weZ" i</+2 



(e,/t)e5; 

^2-W(i-)(^-'^ 



2 Y 
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By (14.51) . we can see that for 6 > 0, 



weZ" j<j'+2 



and 



- log2 ;-<7< — ^ 

[ Z (1 + kl)"'^ Z 2''^-'""^')2~P-'"[^^'+<''~2^^2]2-2/S(/'-i)/ 
'-w€Z" y</+2 

From 5'2^^'^ < 1 and m' < 1 it easily follows that 

Finally, we obtain that for 6 > 

IlUt)< IQ,]-^''' Z 2^^'(2-2/'+/'r2)r 2 (1 + iv^D-A' 2: 2^(/ 
-iog,r<;<-!:fi y</+2 

2-p/(2-2/j+Pr2)2w'[!+r.-^] f^-^^'" ^ |m< ,,(5)1^(522//')'"' ^1^ 

•-'0 7 J 

(e',/:')eS,"-^ 

Subcase 9.\.\: q < p. For this, we obtain, by the a-triangle inequality, 

iilit)< z(i + M)-T 2 2 2^^(^-/)<2-2^-'"'-i) 



9 



wj' 



If 

0<^<2(i-;e)+pr2 



then 

follows from changing the order of j and /. 



IIq < ||M||jgn.r2./v 
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Subcase 9.1.2: q> p.By Holder's inequality, we get 



')(2-2/;+pr2-f) 



gyp q q-p 
W6Z" '^'"'''"'1^ ;>-log, rS'<;'+2 



]>-\og2r ]<]'■ 

j<j'+2 



^ rV i' -1-9 



Case 9.2: Under 1 < p < 2, 

(^ ^) ^ Z b)iitW (x) is in 

Because 2"^^'^ < 5 < one gets 

|v},V(5)| < 2-(^^-''^)A 



Applying (14.41 ) and (v) of Lemma 14. 21 we get 

j<j'+2 e',k',£",k 



j<j'+2 e',k',£",k" 

X (1 + |2^--''yt' - k\)-^{\ + - k"\T^]ds 

< 2T+i 2] Z (1 + \w\y^{l + |w'|)-'^2-(2-pXf+r.-r2)/ 

j<j'+2 w,w'eZ" 

z i"};,x^)pf ( z iv;,,„(^)i^)'^rf^ 

i£',k')eS'j/ ie;",k")eS'j/ 

< 2T+i 2 Z (1 + k|)"^(l + |w'|)-^2-(2-p)(f+ri-r2)/ 

;</+2 w,w'eZ" 



(/;2/. z z ivf^^iswds)^. 

i£',k')eS'j/ (€",k")eS'j'/ 

Because v e ^^^'J^jf", we have 

(e",<:")eSjj-'' 

< ie,r('?-^)2-^^'(^'^^P 



GLOBAL MILD SOLUTIONS OF FNS EQUATIONS IN CRITICAL BESOV-Q SPACES 11 3 



and so 



thanks to j > - logj r and pjj ^ Therefore, 

\b)'l(t)\ < 2T+i 2 Z (1 + |w|)-^2-(2-p)(f+r.-r2)/ 

7</+2weZ" 

P-' 



(e',<:')eS"y 



< 2-T+if+(p-i)r2y 2] 2: (1 + |w|r^2-(5+^')/ 

7</+2 weZ" 

The above estimate implies 

f Z (1 + kl)-^ 2 2-(^^')^"^'^^(2-'')^^^'' 

"-weZ" y</+2 

2-^(/;,, z K:.(.)i'<;.)tl' 

.+ri)/+^+(2-P)r2/ 



- log2 r<j< — 



2 [ 2 (1 + kir^ 2 2-(^ 

,i)eS/: '"eZ" j<j'+2 

By (|431) . we have 

2 [2(1 + Iv^l)"'^ 2 2-(5+^')/2^2(2-p)r2/ 

,i,,,c.j weZ" /</'+2 



(e',*:')e55' 



< 2 (1 + l>^l)"^ 2 2'^*^-''"-'^2-'^(5+ri)/+(P-l)n/+p(2-p)y2/ 
weZ" j<j'+2 

(e',A:')eS;r-^' 
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By a simple computation, we can get 



III W ^ \Qr\~~~' Z 2«^'(^' + '+(''-l)^2) 

- log2 r<;< — ^ 

[ Z (1 + 1^1) Z 2^^^'~^^2~P^'^'^^^^P~'^'''^-^^'2~'^^''^~^^^' 

'-vi-eZ" ;</+2 

Because m > 1 and 2~^^'^ < 5 < it is easy to get 

< 2-^f^pf 2 \u'^;^^xsms2^^j'r'i. 

The term //^ can be estimated as 

ciy2 q 

III (^) ^ I2rl~"^ Z 2'?^'(^l + '+(^-')^2) 

- logj r<i< — 

weV j<j'+2 

x(/;v. z I4;,,(5)P'(52W)'"^)]^ 

(e',A:')eS"''' 

Subcase 9.2.1: < 77. By the a-triangle inequality, we have, by < 
2(1 -j3) + pr2, 



Ill{t)< IQrl^"^ Z (1 + M)"^ Z 2^^'(^'+'+(^-i)^2> 
2^^(-'""-'')/P2"''-'"<2'2'®+''^2)2?/(^i+§-^)x 

i</+2 

(e',A-')e5r^' 

^ li"l|-lRri.r2."', 



where we have changed the order of j and /. 
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Subcase 9.2.2: q> p. Similarly, we use the Holder inequality to derive 



nl (0 < 2 (1 + \M)-'\Qr\"' 2 ( 2 2''(^--^")(2-^^-''^-P 

< 2 (i + Mr^ie#^'( 2 2(^-/)[2Mi-/^)Vr2-5])'^ 



';</+2 

2 { 2 2(-'"-''^[^''<'"'^>+'''''2"'']2^^"^^''^5-};) 

j>- log2 r ;'</ 



(e',*:')e5;-' 



^ llMllTDyi-ri-'"- 

p,q,m 



9.2. The setting 2 < p < oo. . We still divide the proof into two cases. 
Case 9.3. Under 2 < p < oo, 

(t, x)^ 2 b'iitW (x) is in B^'f 
For this, we have, by Holder's inequality, (14.61 ) and (iv) of Lemma |4.2[ 

y< 7 +2 »',n''eZ" 

< 2^^j y ( ^ )( ^ ) y 2~^j''^^^~f:h"^j'-j^'^^-'P 



(£',k')eS":-' 



Because v 6 ]BJ,|^^^'", one has 



This in turn implies 

mi(t)\ < 2 (1 + 2 2-(^^'-^)^'2-^ 

weZ" y'</+2 
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The above estimate for Ib'^'Ut)} derives 



-iog2 '-<;•<- 



-\A}t= //n _ 11' i' 



^772 _ 9 



j 2: [ Z 2-(^^'-^^^^'2-^2"(^' 



z (1 + Mr^( X'"''' z w:,,{sWdsYYY. 



Since < 5 < 2 '^^'1^, we get for any 5 > Q, 



2 [ 2 2-<^^'-^'^'2-^2"(^'- 
Z (1 + IwD-'^f X'"''' Z Iw)' 

< Z (1 + kl)"^ Z 2"^^^^'~p^^^"2"2^"'®^2(''+"''"2"^'^""-''^ 

weZ" y</+2 

(Jo'""' z y,,,{s)nsi'^'Y'-f) 



and 



z/^XO < \Qr\-^'-' Z 2'^^'("-f +^'+'+^^)| z (1 + lw|) 



l°g2' 
2/J 



weZ" 



i</+2 
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Subcase 9.3.1: q < p.By the a-triangle inequality, we have 



j<j'+2 



qN QYi q 

weZ" i>-log2i</+2 



If 7i + 72 + 1 > 0, then selecting < 5 < p{yi + 72 + 1) we get 

IlQ^ it) < ||M||Tgri.r2./v. 



Subcase 9.3.2: q > p. Take < 5 < (71 +72 + 1). By Holder's inequality, 
we have 



< 2 (1 + Hr"l2rl^~^ 2 {2-'KP"2)«+p(yi+i+r2)] 2 2''^'^^'''5"p) 
weZ" i>-log2?- 7</+2 

(6',/t')eS;''-^'' 

< 2 (1 + 2 ( 2 I'^'^-r^'^'^'^n-fA"^ 

weZ" j>- log, )■ j< f +2 

p2-2-'''* ■ - 



x{ 2: 2''(^'-^")(^'^^^^'-f)2^^"(^'^^?)(J, 2 W:,,,{s)\'\s2^i'l'y"'ff'] 

J<f+^ {e',k')eST'' 



^ llMllron.yo./". 



Case 9.4: Under 2 < p < 00, 



(^ X) ^ 2 ^-f is in ]B];;f 

(ej;i)eA„ 
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By (14.61) and (v) of Lemma l4!2l we have 



j< j'+2 £',k'.£",k" 

X (1 + \2j-j'k' - k\)-^ii + \k' - k"\r^]ds 

w,w'eZ" I I' I " j<j'+2 

1 



^ ' 4l™ (l+|vvi)"(l+|vv-vv'|)'V . 4- / ^ 

»',H.''eZ" ;<7 +2 

(e',<:')e5j/' 



(6",*:")es;;,-^ 



On the one hand, it is easy to establish 



On the other hand, v{t, x) e ^Hq]^'" implies 



So, we can get 

mlit)\<2T^j 2 (i + iwir'Vd + iw-w'ir^ 



z 2-v/^r(^-'-^)(^-7^)( z iw};,,(^)i''(^22//5rf)' 



< 2^'(f+i-^^2) 2(1 + kl)"^ Z 2-^5+ri-p/-2//J2"^^"- 



7)(l-j) 



j<j'+2 

1 

;> 



x(/2',,, z j4;,,(*)F^(^22//^rt) 
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Upon letting < 6 < p{y\ + 1 +72), we use the above estimate for \b'^:l{t)\ 



to produce 



u;p7" rV 4-9 



;</+2 

/ rf 

X 



z j4',,,(.)F'(.22^'^rf)Tr 



.!?Z2^2 „ -„.Y„. + 



<IG.I"'' Z 2'^^(^'^^^^>2''^ 

j>~ log2 r 

{ Z (1 + Iw'l)^^ Z 2^''+''""2")(^""^')2"^^"^5+ri-];)-2p//J 

weZ» ;</+2 

Subcase 9.4.1: < p. By the a-triangle inequality and < 6 < p{yi + 
1 + 72), we obtain 

' weZ" y>- log2 f- y< y +2 

^ l|M|lTO''i-n.'" + l|M||-myi.y2.'i'- 

Subcase 9.4.2: q > p. Similarly, we have 

III « ^ \Q'-'r'-' Z (1 + Z I Z 2P^ty^-'~^^^^i'-i^ 

W€Z" i>- log2 r 7< / +2 

q-p 

qy-y a / \ - — '— 

< \Qr\~~'' Z (1 + \w\T^ Z ( Z 2(^-^ " 

weZ" j>.ioa^r^ j<j'+2 

^ 2U-f)[p(yi+i+n)-s]2'^f(7i+'i~j,) 

j<j'+2 



(£-.r, Z I4,,(^)l''(^22^'^rf)') 



X 

{£',k')es:. 
^ llwllTDn.ra."' + l|M||TOyi.r2.'v. 

/'.9-'n p.qjii' 



10. Proof of Lemma [53] 
10.1. The setting 1 < p < 2. We divide the proof into four cases. 
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Case 10.1: Under I < p<2. 

Because < s < 2'^^'^, one gets 
We use (14.41) and (iv) of Lemma 14^21 to get 



1^^(01 

j<j'+2 e',k',£",k" 

x\vfj^„is)r\l + \2J'^'k' - k\)-^(l + \k" - k'\r^]ds 

< 2T+i Z 2-<2-p)(f+ri-r2)/ ^ (1 + |w|)^^(l + \w- w'\T^ 

j<i'+2 w,w'eX'' 

< 2T+j Z 2-(2-p)(f+ri-y2)/ Z (1 + kl)"^(l + \w'\r^ 

j<j'+2 w,w'eZ" 

By the following estimate 
we have 

\b'iit)\ < T^^j^^^^p-'>y^J z (1 + kl)-^ Z 2-(^^')/ 

For 11"^ (u, v) and ^2^^^ < 1, we then get 

i^-log2'- (€.k)eSi. 

< \Qr\^''' Z 2^^^'(^'+^^^{X^"''' Z 2-'^'-"j-"'^'^P'-P'^'^y'j 
j^-ioSir {e.k)eSi 

[ Z (1 + Z 2-(^^')/2'^"(2-p)r./ 

"-weZ" ;</+2 
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t 



ie,k)eSi- 

2//3(p-l) / rl^V'P , \T,TP 

2-^(/o Z \uy,,isWsyf. 



Applying Holder's inequality to w yield 

(2(1 + ki)-'' Jo'"''" 2 \u'; ,M\pdsyY. 

Hence we apply (14.51) to get that for 6 > 0, 

{/o'"'' 2 f 2 2-(f+^')^-'2^"(2-''^^^^"-^ 

< \Qr\^'-^ 2 2'?^(^i+i+(p-i)r2){ 2 

2 2^(i'-i)2-P^ § +^1 )/ 2^P'^^"j' +P(2-/5)r2/-2y3(p- 1)/ 

^ I2rl~^'^ 2 2«^(^l + '+(^-l)^2)2-- 
j>- log, r 

{X^'"" 2 2 2''^"2"''^5+ri)/2(P-i)"/+P(2-p)r2/-2/3(p-i)/ 

2-2 

Because {tl'^H^T^ < 1, we obtain 

//q,. < 2 2^^'(''' + l+(''-')''2^2"T^ 

i>- log2 r 

r 2] 2''-'"2''^"^^'^5-^)2W2-W(2-2/J+pr2) 
2 (1 + X'""' 2 \u';,,,{sWdsf. 

(e',A-')e5r^' 
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Subcase 10.1.1: q< p. Notice that py2 + 2 - 2/3 > 0. So, upon taking 

Q<6< p{yi + 1 + (p - 1)72) 

we obtain 

qy2 q qN i i ^ '^l^i 

weZ" j>- log2 r 

7'[2(l-/?)+/)r2] 



r 2 2'i^j'/P2''^'^^^'^^-~p^2^i^-'"'P2'''j'^ 

j<j'+2 



weZ" ;>-log2 '•;'</ +2 

vveZ" ;>-log2 +2 

2./(r,.f-)[j^"^''^ 2 Ji.};,,(5)|^(522i'/^)'"'t]', 

where we have used the fact that 

(sl^j'f^y-"'' < 1 for 5 < 2-2//? & 1 - m' > 0. 



Changing the order of j and / yields /7g < liM||TOri r2 '»'- 

p.i].m' 

Subcase 10.1.2: q > p. We have, by Holder's inequality. 



11^ 

Qr 



weZ" i>-log2'- i</+2 



< Z la-l'^-'d + M)-^ Z ( Z r^^-'i^-py^-'.^^i-rY 

weZ" 7>-log2r y</+2 

f 2[2''^'~''^)+P^^2"'']<-''~-/">2''-'''^'^^~p^ 

(6' ,/t')es 



P.qjn' 

Case 10.2: Under 1 < ;? < 2, 



{t,x)^ Z Z^-WO^yx) is in B;^,„, 

(e,;,*:)eA/, 
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For I'^^'l^ < 5 < ? and < / - /' < 3, we have 



The inequality (|4.4I) and (v) of Lemma I4.2i mplies 



■'' j<j'+2£'.k',£",k" ^ ■' ' 



x\v'j:,„is)r\i + \v~i'k' - + \k" - k^y^s 



< 9T+i V V ! 9-(2-p)(7+ri->'2)/ 



Because 2 ^-i'^ < s < t,v/e have |v^,"^„(i')| < 2 "2 2^'^^^ thereby getting 



The above estimate implies 

\b':l{t)\ < 2T+i X (1 + 2 2-(2-/')(^'-^^+t)^"2-(^-i^(^^^'-p^" 

weZ" ;</+2 



weZ" ;</+2 
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This in turn yields 



+i+7+(p-i)r2y 



Z (1 + |w|)-^ Z 2-(^>')^-'-^2(2-/')r^/2-^ 

weZ" j<j'+2 



-VP 



(P-I)nj' ., 2//j(p-l) 



[ Z (1 + \Mr^ Z 2-(^^'^^"+^2<2-/')r^^"2 



It is easy to see that 



Similarly, by (|4.5I) . we can get that for 5 > 



972 9 r 

//q^ < \Qr\~~~' Z 2^^-''[^'+i+^p-i)^^][ Z (1 + IMT^ Z 

i>-log2r vveZ" (e,A-)e5,' 

2 2'^'^^'~^^2"^-'''^5 "^^i )2(/'- 1)"/ 2^(2-^)72/-^- 1)/ 

i</+2 

fit., z i.};„(^)i-^^)(^22^^)'"'f]' 

^ I2rl^~'^ Z 2'?-'[^'+^+(''~^)^2]2-- 
y>- log2 r 

[ Z (1 + \M)~^ Z 2''-'"2"''-'"[^^'~'^^+P''2]22'^-'" 

w€Z" i</+2 

(e',A:')eS"--' 



Subcase 10.2.1: q < p. For m > 1 and 2 ^^ '^ < 5 < one has 



GLOBAL MILD SOLUTIONS OF FNS EQUATIONS IN CRITICAL BESOV-Q SPACES125 

Notice also that py2 + 2-2/3 > 0. So, we have, via taking < 6 < 
P{y\ + ^+{p- 1)72), 

IP 

Qr 

qN (172 q t i / i n n Q^j 

weZ" j>- log2 r 

^ z + \w\y~\Qr\~''' 2 2'?^[^i+'+(^-i)^2]2-- 

wsZ" j>- log2 r 

weZ" 7>-log2ry</+2 
< ||M||TOri.r2.'", 

p,q,m 

where we have changed the order of j and /. 

Subcase 10.2.2: q > p. By using Holder's inequality and changing the 
order of j and /, we have 

11^ 

weZ" j>- log, r 

[ 2 2V-p[2(i-/.).pr.]/.2/./2/'(f->.-^^)/(j;^^.,^ 2 i4;,,(^)i''rf^)]' 

+2 (e',/t')eS"''^' 

qj'y a r 
„ I ~„.Y^|+l+(p_l)y2)_5y 



''72 <? r 
weZ" ;■>- log2 r ^ 

2 2''/-P(2-2/3+P72)/22/?/2P/(f+r.-^;)(j^'^.,^ 2 |m};,,(*)I''^*)] 

^ Z { Z 2[2''^^'"'^^+^'>'2~''](^'"^")2'^^"^^+>'i-^;) 

y'>-log2r ;</+2 

x[/;2., z x,,(s)ns2y'Y'Tf] 



< ||w||-|gyi.r2,'V. 



10.2. The setting 2 < p < oo. We divide the proof into two cases. 
Case 10.3: Under 2 < p < oo, 

(t,x)^ Z ^;:,V)0}^,w is in b;:;^^^ 

(€,j,k)eA„ 
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By (14.61) and (iv) of Lemma I4i2l we have 



1^^(01 

< 2T+i 2 (1 + iwir^(i + iw-w'ir^ z r^^'-^^^^-p^ 

w,H''eZ« i</+2 



< 2 (1 + iwir^(i + iw-w'ir^ z 2~ 

w.vy'eZ" i</+2 



Since 



Jo 



(e",«:")eSj/ 



we have 



(e',/t')eS"y' 



This last estimate is used to give 



, m _ q 



'in 9 „ ,7, ,11 /I N f r2^^^^ r " 

<ie.r^^ z 2'^^('''^5-?){ X' z 2^ 

2 2-(t^^'-^>^"-^2-^2"(^-'-^-)(i-|> Zd + M)-'^ 

j<j'+2 weZ" 

( f ' z \u^;,,(sWdsff(t2vi^r''iY. 
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Subcase 10.3.1: q < p.By the a-triangle inequality, we have 



weZ" ;■>- log2 r 

j<j'+2 

weZ" y>- log2 r 

i</+2 

x(X'"''' Z I4;,,(*)l"(*22//^)'"'t)'}. 



Taking < 5 < 2p72 + 2(1 and changing the order of j and /, we 

read off 



vt-eZ" y>-log2 y'</+2 

< ||M||royi.y2.'i'. 

p,<7,m' 



Subcase 10.3.2: q > p.By Holder's inequality, we have 



11^ 

Qr 

< IQ^-?"'!' 2 |2Pi(f+i+r2-j)2PAri+f-j) 2('5+/'"-2«)0"-;) 

y'>-log2r ;</+2 

< zie#"'(i + Mr^ z j2P^'(^'^''^-^^2''^'(^ 



weZ" 



;■>- log2 r 
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Upon letting < 6 < piji + 72 + 1), we get 



weU' i>~ log2 r j< /+2 

{£' ,k')eS'/'' 

1-p 



wsZ" ;>-log2'-\/'</+2 



(f"'' z i4',,,(5)p'(522//')"''^)') 

< INI 



Case 10. 4: Under 2 < 77 < 00, 



(e,;,<:)eA„ 



(14.61) and (v) of Lemma |4~2] are employed to produce 



\b%it)\ 

< Z (1 + IMY^C^ + \w- w'\r^ Z 2' 

«.',»■' eZ" ;</+2 



Z lu^A^Wfi Z |v},V(^)l'f^^ 

< z 2T+i(i + |wir^(i + iw-w'ir^ z 2-2//'2"(^"-^'^^'-|) 

w,w'eZ" 7</+2 

z i..};,,(^)i^(^2v/*r^)' 

X Z ^ |v)V(^)l^(^2^^''^rt)'- 



(e",^")eSjj-^ 



Meanwhile, it is easy to deduce that 

X-y, z , , iv^;;,„(^)i^(^22//'rf < 2^''(^^-?)2-p(^^'-i^)^'. 



(e",/c")es;;,-' 
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So, we can readily get 



j<j'+2 w€Z" 



log2 r 

weZ" 7</+2 
(e',i:')e5r^' 



Because {tl^iPy' < l , we obtain 



_/>- logj r weZ" 



2 2(''+P""2«)(/-y')2"''-'''^5+>'i-j)"2/pyS 



i</+2 



(e',*:')e5;- 



Subcase 10.4.1: q < p. Putting < d < p{yi + 72 + 1), we find 



weZ" j>~ log, r 

- +"- ^ )(/ -J)2~d' (i+yi-j, yv'qli 



( 2 2'?^' ■ " 

' 7</+2 



X 



(e',<:')eSr- 

well' j>- log2 r j< j' +2 

(e',/t')e5 

^ 11^11-1071 .72-'" • 
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Subcase 10.4.2: q> p.'Qy Holder's inequality, we have 
'e, 



H-eZ" j>- log2 r 

;</+2 

(e',i')e5'"-^ 

weZ" j>~ log2 r 

2 2(''+P"~2«)(/-;)2"2P^"(5+^'"p)"2-'"P^2^-'"(§+^i"p) 

;</+2 



(e',*:')e5 

Applying Holder's inequality once again yields 

III ^ Z IQrl'^'k'^ + Z j Z 20-/)[(/'-2)«+2Kr2+i-/?)] 

weZ" j>- log2 r j< j'+2 

2(5+p.-2.)(/-;)2W'(?+7.-p( J^'^^,^ 2 |m}; ,,(^)I''(^22//')"'^)P 

(e',*:')eS 

^ z \Qr\^'hi + \w\r^ z ( z 2(^'-^")[p(^'+^2+i)-^]) " 

ivsZ" i>-log2' i</+2 

x{ X 20--/)[/Xr.+r2+iM](J^'^^.,^ 2 I4',,(^)l^(*22//')"'f)') 

~ II^IItD''I'''2-'" ■ 

11/1 111 
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